UNIQUENESS FOR TWO DIMENSIONAL INCOMPRESSIBLE IDEAL FLOW 

ON SINGULAR DOMAINS 
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Abstract. The existence of a solution to the two dimensional incompressible Euler equations in 
singular domains was established in [Gerard- Varet and Lacave, The 2D Euler equation on singular 
domains, submitted] . The present work is about the uniqueness of such a solution when the domain is 
the exterior or the interior of a simply connected set with corners, although the velocity blows up near 
these corners. In the exterior of a curve with two end-points, it is showed in [Lacave, Two Dimensional 
Incompressible Ideal Flow Around a Thin Obstacle Tending to a Curve, Ann. IHP, Anl 26 (2009), 
1121-1148] that this solution has some interesting properties, as to be seen as a special vortex sheet. 
Therefore, we prove the uniqueness, whereas the problem of general vortex sheets is open. 
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1. Introduction 

The motion of a two dimensional flow can be described by the velocity u(t,x) = (1*1,1*2) and the 
pressure p. Concerning incompressible ideal flow in an open set ft, the pair (u,p) verifies the Euler 
equations: 

d t u + u ■ Vu + Vp = 0, t > 0, x £ ft 

(1.1) 

divit = 0, t>0,x£ft v ' 

endowed with an initial condition and an impermeability condition at the boundary <9ft: 

u\ t =o = u , n-n| e ^ = 0. (1.2) 

The vorticity oj defined by 

oj := curl ii = d±U2 — d-xUi 

x/^ [ plays a crucial role in the study of the ideal flow, thanks to the transport nature governing it: 

d t oj + u ■ Voj = 0. (1.3) 

. When ft and no are smooth, the well-posedness of system (|l.ip - (|1.2p has been of course the matter 

of many works. Starting from the paper of Wolibner in bounded domains [21] . McGrath treated the 
case of the full plane [T7], and finally Kikuchi studied the exterior domains [8]. In the case where 
the vorticity is only assumed to be bounded, existence and uniqueness of a weak solution has been 
established by Yudovich in [22]. We quote that the well-posedness result of Yudovitch applies to 
^ ■ smooth bounded domains, and to unbounded ones under further decay assumptions. 

We stress that all above studies require <9ft to be at least C ,x . Roughly, the reason is the following: 
due to the non-local character of the Euler equation, these works rely on global in space estimates of u 
in terms of oj. These estimates up to the boundary involve Biot and Savart type kernels, corresponding 
to operators such as VA _1 . Unfortunately, such operators are known to behave badly in general 
non-smooth domains. This explains why well-posedness results are dedicated to regular domains. 

However the case of a singular obstacle is physically relevant. For example, the study of the 
perturbation created by a plane wing stays a capital issue to determine the safety time between two 
landings in big airports. 

Without solving the question of uniqueness, Taylor established in [19] the existence of a global weak 
solution of (|l.ip - (|1.2p in a bounded sharp convex domain. He used that ft convex implies that the 
solution v of the Dirichlet problem 

Av = f in ft, v\on = 
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belongs to H 2 (Q) when the source term / belongs to L 2 (il), irrespective of the domain regularity. 
Nevertheless, this interesting result still leaves aside many situations of practical interest, notably 
flows around irregular obstacles. Recently, the article [TU] gave such a result in the exterior of a C 2 
Jordan arc, where it is noted that the velocity blows up near the end-points of the arc. In particular, it 
shows that the previous property on the Dirichlet problem is false in domains with some bad corners. 

The question of the existence of global weak solutions is now solved for a large class of singular 
domains in [3j. The authors therein considered two kinds of domains: any open bounded domain 
where we retrieve a fixed (possibly zero) number of closed sets with positive capacity, and any exterior 
domain of one connected closed set with positive capacity. 

Our goal here is to prove that such a solution is unique if the domain is bounded, simply connected 
with some corners, or if it is the complementary of a closed simply connected bounded set with some 
corners. We prove the uniqueness for an initial vorticity which is bounded, compactly supported in Q, 
and having a definite sign. 

More precisely, we consider two kinds of domains. On one hand, we denote by Q a bounded, simply 
connected open set, such that dfl has a finite number of corners z% with angles a% (i.e. locally, fl 
coincides with the sector {zi + (r cos 6, r sin 8);r>0,6i<9<9i + on}). On the other hand, we denote 
by tt := R 2 \ C, where C is a bounded, simply connected closed set, such that <9f2 has a finite number 
of corners. 

To define a global weak solution to the Euler equation, let us point out that the space L 2 (S7) is 
not suitable for weak solutions in unbounded domain. Working with square integrable velocities in 
exterior domains is too restrictive (see page [8] to note that u behaves in general like l/\x\ at infinity), 
so we consider initial data satisfying 

Uq G L 2 oc (p,), uq — > as \x\ — > +oo, curlno G L^°(S1), divuo = 0, uq ■ h\gn = 0. (1.4) 

Note that the divergence free condition and this last impermeability condition have to be understood 
in the weak sense: for any ip G (7^(0), 



no • V</9 = — / divnov? = 0. (1.5) 
n Jn 

Let us stress that this set of initial data is large: we will show later that for any function uq G L£°(f2), 
there exists no verifying (jl.4p with curl no = i^o- 

Similarly, the weak form of the divergence free and tangency conditions on the Euler solution n will 
read: 

V(^GP([0,+oo);C7 c 1 (M 2 )) , f [ u ■ V<p = 0. (1.6) 

Jr+ Jn 

Finally, the weak form of the momentum equation on n will read: 

V> e £>([0,+oo[xft) with divip = 0, / / (n • %> + (u(g> u) : V<p) = - u -ip(0, ■). (1.7) 

Jo Jn Jn 

For f2 an open bounded simply connected domain, or O the complementary of a compact simply 
connected domain C, we get the existence of a weak solution from [3]: 

Theorem 1.1. Assume that uq verifies (jl.4p . Then there exists 

u G L^ c (R + ;Ll c (U)), curln G L°°(1R + ; L 1 n L°°(0)), 

which is a global weak solution of (jl.ip - f|1.2|) in the sense of (jl.6p and (jl.7p . 

In a few words, this existence result follows from a compactness argument, performed on a sequence 
of solutions u n of the Euler equations on the sequence of approximating domains Q n . A key ingredient 
of the proof is the so-called T-convergence of il n to O (see [3] for the details). 

The main result of this article concerns the uniqueness of global weak solutions, when the initial 
vorticity has definite sign. 
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Theorem 1.2. Let Q be a bounded, simply connected open set, such that d£l has a finite number of 
corners with angles greater than tt/2 and let uq verifying (|1.4|) , //curl no is non-positive (respectively 
non-negative), then there exists a unique global weak solution of the Euler equations on f2 verifying 

u G L^ c (R + ;Lf oc {n)), curln G L°°(R + ; L 1 n L°°(f2)). 

In exterior domains, the vorticity is not sufficient to uniquely determine the velocity. We need the 
circulation around C. As we will see in Subsection 12.31 for no verifying (|1.4p . we can define the initial 
circulation: 

7o := f u -fds. 
JdC 

Inversely, let us mention that we can fix independently the vorticity and the circulation: we will show 
that for any function ujq G L£°(f2) and any real number 7 G R, there exists a unique uq verifying (jl.4p 
with curl no = and with circulation around C equal to 7. 

Assuming a sign condition on 70, we will prove a uniqueness theorem in exterior domains. 

Theorem 1.3. Let fi := R 2 \ C, where C is a compact, simply connected set, such that d£l has a finite 
number of corners with angles greater than tt/2. Let uq verifying (|1.4p . //curl uq is non-positive and 
70 > — J curl uo (respectively curluo non-negative and 70 < — / curl no ), then there exists a unique 
global weak solution of the Euler equations on £2, verifying 

u G L^ c (R + ;Lf oc {n)), curln G L°°(R + ; L 1 n L°°(f2)). 

In particular, we will also prove that the velocity blows up near the obtuse corners: if d£l admits 
at zq a corner of angle a, then the velocity behaves near zq like — ^. We refind that in the 

\X — Zq\ a 

case where C is a Jordan arc (see [10]) the velocity blows up like the inverse of the square root of 
the distance near the end-points (a = 2tt). Therefore, we manage to adapt the Yudovich proof for a 
velocity (and the gradient of the velocity) not bounded up to the boundary. The key here is to use the 
sign condition in Theorems 11.21 and 1 1 . 31 in order to prove that the vorticity never meets the boundary. 

For a sake of clarity, we assume that d£l is locally a corner, but we can replace a corner by a singular 
point, where the jump of the tangent angle is equal to a (see Remark 12.21) . 

The remainder of this work is organized in six sections. We introduce in Section [2] the biholomor- 
phism T and the Biot-Savart law (law giving the velocity in terms of the vorticity) in the interior or 
the exterior of one simply connected domain. We will recall the existence of weak solution in this 
section, and derive some formulations (on vorticity and on extensions in R 2 ). We will take advantage 
of this section to show that the weak solution is a renormalized solution in the sense of DiPerna-Lions 
PQ, which will allow us to prove that the LP norm of the vorticity for p G [l,oo], the total mass 
J^u:(t, •) and the circulation of the velocity around C are conserved quantities. 

Let us mention that the explicit form of the Biot-Savart law is one of the key of this work, and it 
explains why is assumed to be the interior or the exterior of a simply connected domain. This law 
will read 

u(t,x) = DT{x) t R[uj] 

where R[co] is an integral operator. Using classical elliptic theory, we will obtain the exact behavior 
of the biholomorphism T near the corners, and then the behavior of the velocity. We note that the 
blow-up is stronger if the angle a is bigger. Unfortunately, the following study needs sometimes that 
the integral operator R[oj] verifies good estimates, which are possible only if we assume that all the 
angles on are greater than tt/2 (namely in Proposition 12. 51 to prove that R[uj] is bounded, in Lemma [2. 71 
to establish the equation verified by the extended functions, in Lemma 12.81 to use the renormalization 
theory) . 

Section [3] is the central part of this paper: we will prove that the support of ui never meets the 
boundary if we assume that the characteristics corresponding to (|1.3p exist and are differentiable. The 
idea is to introduce a good Liapounov function, which blows up if the trajectories meet the boundary. 
Next, we will establish some estimates implying that this Liapounov energy is bounded which will 
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give the result. Although we cannot say that the characteristics are regular for weak solutions, this 
computation gives us an excellent intuition. 

In light of this proof, we rigorously prove in Section [U thanks to the renormalization theory, that 
we have the same property, even if we do not consider the characteristics. 

Finally, we prove Theorems II. 21(131 in Section We will introduce v := Kyp * to, where K^p is the 
Biot-Savart kernel in the full plane. As to does not meet the boundary, it means that divv = curl-u = 
in a neighborhood of the boundary, i.e. v is harmonic therein. This provides in particular a control of 
its L°° norm (as well as the L°° norm for the gradient) by its I? norm. Although the total velocity is 
not bounded near the boundary, but just integrable, this argument allows us to yield a Gronwall-type 
estimate, as Yudovich did. 

Therefore, the fact that the support of the vorticity stays far from the boundary will imply the 
uniqueness result. This idea was already used in [13J, in the case of one Dirac mass in the vorticity. In 
this article, we consider the Euler equations in R 2 when the initial vorticity is composed by a regular 
part and a Dirac mass. The equation is called the system mixed Euler/point vortex and derived 
in [16]. When trajectories exist, it is proved that they do not meet the point vortex in [16] if the point 
vortex moves on the influence of the regular part, and in [15] if the Dirac is fixed. The method is 
also constructed on Liapounov functions. An important issue in [1,3] is to generalize this result when 
trajectories are not regular. The Lagrangian formulation gives us a helpful intuition, it is the reason 
why we choose first to present the proof of uniqueness assuming the differentiability of trajectories 
(Section [3]). Moreover, proving in Section [3] that the vorticity never meets the boundary, we state that 
the "weak" Lagrangian flow coming from the renormalization theory evolves in the area far from the 
corners. As the velocity is regular enough in this region, we can conclude that the flow is actually 
classical and regular. 

Section O is devoted to the proofs of some technical lemmas. 

We finish this article by Section [7] with some final comments. In the exterior of the wing plane, we 
will try to give a mathematical justification of the Kutta-Joukowski condition. In the exterior of the 
Jordan arc (see p-Oj), we will make a parallel with the vortex sheet problem. We will also give some 
explanations about the sign assumptions in the main theorems. 

We warn the reader that we write in general the proofs in the case of exterior domains. In this kind 
of domain, we have to take care of integrability at infinity, to control the size of the support of the 
vorticity, and we have also to consider harmonic vector fields and circulations of velocities around C. 
The proofs in the case of bounded domains are strictly easier, without additional arguments. We will 
make sometimes some remarks about that. 

2. Biot-Savart law and existence 

As in [7J [r0| [12] , the crucial assumption is that we work in dimension two outside (or inside) one 
simply connected domain. Identifying M 2 with the complex plane C, there exists a biholomorphism 
T mapping $7 to the exterior (resp. to the interior) of the unit disk. Thanks to this biholomorphism, 
we will obtain an explicit formula for the Biot-Savart law: the law giving the velocity in terms of 
the vorticity. This explicit formula will be used to construct the Liapounov function. We give in the 
following subsection the properties of this Riemann mapping. 

2.1. Conformal mapping. 

Let J7 as in Theorem [L3] (resp. as in Theorem 1 1.2p . then the Riemann mapping theorem states that 

C 

there exists a unique biholomorphism T mapping Q to B(0, 1) (resp. to -B(0, 1)) such that 7~(oo) = oo 
and T'(oo) G (resp. T(zo) = and T'(zq) £ M+, for a zq £ S7). We remind that the last two 
conditions mean 

T(z) ~ Xz, \z\ ~ +oo, for some A > 0. 

Theorem 2.1. Let assume that dQ is a C°° Jordan curve, except in a finite number of point z\, 
Z2, z n where dQ, admits corner of angle ai > | (i.e. S7 coincides locally with the sector {zi + 
(r cos 9, r sin#); r > 0, 9{ < 9 < 9i + ai\). Then the biholomorphism T defined above satisfies 
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• T and T extend continuously up to the boundary; 

• DT~ l extends continuously up to the boundary, except at the points T(z{) with on < ir where 

DT^ 1 behaves like l/\y — T(zi)\ tt • 

• DT extends continuously up to the boundary, except at the points Z{ with ol\ > ir where DT 

behaves like l/\x — Zi\ a * ; 

• D 2 T belongs to Lf oc (Q) for any p < 4/3. 

Proof. As dQ is C°' Q , the Kellogg- Warschawski theorem (Theorem 3.6 in [18]) states directly that T 
and T -1 is continuous up to the boundary. For the behavior of the derivatives, we use the classical 
elliptic theory: let 

u(x) := In |T(x)|. 

As T is holomorphic, we have that 

Au = in (7 and u = on dd. 

To localize near each corners, we can introduce a smooth cutoff function x supported in a small 
neighborhood of Z{. Therefore, we are exactly in the setting of elliptic studies: 

A(u X ) = f E C°° in Oi and u = on dO l , (2.1) 

where Oi is the sector {zi + (r cos 9, r sin 9); r > 0, Oi < 9 < 9. L + The standard idea is to compose 
by in order to maps the sector on the half plane, where the solution of the elliptic problem g is 

smooth. Therefore, we have that 

ux = goz^ ai , 

which implies that 

Vu rj W arl and V 2 u ps W"'" 2 . (2.2) 

More precisely, we used the so-called shift theorem in non-smooth domain (see the preface of [5]): 
there exist numbers such that 

ux - Yl c ^ G W m+2 > p (Oi n B(0, R)), VR > 
where the k in the summation ranges over all integers such that 

ir/ai < kir/cti < m + 2 — 2/p 

and with 

• v k = r klT / ai sm(kir9 / ai) if kir/ai is not an integer; 

• v k = r fc7r / a »[lnr sin(/c7r^/ai) + cos(/c7T0/aj)] if kn/oti is an integer. 

In this theorem, r denotes the distance between x and z«: r := |x — 

We apply it for m = 1 and p = 2. As iT^ (R 2 ) embeds in C°, we see again that u is continuous up 
to the boundary. 

If tt < ai < 2ir then 1/2 < ir/ai < 1, which gives that ir/ai cannot be an integer. Then, the shift 
theorem states that D(ux) — Yl c kDvk belongs to H 2 oc (Oi), so it belongs to C°. Thanks to formula of 
Vk, we see that Du is continuous up to the boundary, except near z% where Du = ©(W *- 1 ). Next, 
we derive once more to obtain that D 2 (ux) — c kD 2 Vk belongs to H^ oc (Oi), so it belongs to £f oc (Oj) 
for any p. As Y c kD 2 v k = l ai ~ 2 ), with 2 - ixjai < 3/2, then D 2 u belongs to Lf oc (0~i) for any 
p<4/3. 

The case a.% = tt is not interesting because we assume that Zi is a singular point. 

If tt/2 < aj < 7r, then we note that ir/ai is n °t an integer and that kir/ai < 2 is obtained only for 
k = 1. We apply the above argument to see that u and Du is continuous up to the boundary, and 
D 2 u belongs to £f oc (Oi) for any p < 2. 

Therefore, the shift theorem establishes rigorously that u = 0(r n ^ ai ) and Du = ©(r 71 "/ * -1 ) if all 
the angles are greater than tt/2. We show now that Du and DT have the same behavior. 
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On one hand, differentiating u, we have 



Vu(x) = ^A> DT ( X ) 



T{x) 
\T(x) 
hence 

|Vu(x)|oo < 4|DT(x)| 0O (2.3) 

where \A\oo = max|ajj|. Indeed, by continuity of T, we have that |7"(x)| = \/T^(x) + Tix) 2 > 1/2 
near the boundary. 
On the other hand, 

T ^ -Vu{x)DT(x)-\ 



|T(*)| 2 

By continuity of T, there exists a neighborhood of dfl such that |T(x)| < 2. Then, near the boundary, 
we have 

\ < ^yr < 2V2\Vu(x)UDT(x)- 1 \ O0 . 
Moreover, as T is holomorphic, DT is a matrix 2 x 2 on the form ( a , J . We deduce from this 



-b a, 

form that DT(i) -1 = ditW(iT - P7 '( a; ) T - We use that de*- ^) = a 2 + 6 2 > |DT(»)|^ to get 

|0r(s)|oo<4v^|Vu(aO|oo. ( 2 - 4 ) 
Putting together ()2.2[) , (|2.3p and (|2.4j) , we can conclude on the behavior of DT. 
Differentiating once more, we obtain the result for D 2 T. 
Finally, as u = ©(r 71 "/ *), we state that 

|7»| = 1 + O(r^), T(x) = T( Zi ) + 0(\x - ztfl a % T~\y) = z i + 0(\y - T( Zi )\ a ^). 

Next, we use the fact that DT(x) = 0(\x - z^/^- 1 ) to write 

DT ^y) = K"^)))"= ° ( (| y -r(^) 1^)^-0 = - rwr'*- 1 ) 

which ends the proof. □ 

We refind the result of the exterior of the curve (see |10j): a = 2tt gives that DT behaves like 
l/-v/|x[. In that paper, we found the behavior of DT thanks to the explicit formula of T ■ The 
Joukowski function G(z) = ^(z + -) maps the exterior of the unit disk to the exterior of the segment 
[(—1, 0), (1, 0)]. Then, in the case of this segment T = G^ 1 and we can compute that 

DT(z) = z±^j==. 

Vz — 1 

We also note that DT near a corner (a > ir) is less singular than around a cusp (as the intuition). 

Remark 2.2. This kind of theorem will be useful to remark that the velocity in the exterior of a square 
blows-up like 1/ 1 a; | 1//3 near the corner. However, the only things that we need in the sequel are: 

• there exists po > 2 such that detZ^T -1 belongs to Lf° c (U): property holding true if all the 
corners Zi have angles ctj greater than tt/2 (as in Theorems 1 1 . 2lfL3|) ; 

• DT belongs to Lf oc (Q) for any p < 4 and D 2 T belongs to Lf oc (Q) for any p < 4/3. 
Therefore, Theorems ll.2til.3l can be applied for any simply connected domain (or exterior of a simply 
connected set) such that the two previous points hold true. For a sake of clarity, we express the 
theorems when the boundary is locally a corner at Zi, but we can generalize for f2 such that d£l is a 
C 1 ' Jordan curve except at a finite number of points z^,. In these points, we would define 

<Xi := lim arg(r'(sj + s),T'(si - s)) + ir, 

where T is a parametrization of d£l and Z{ = T(sj). Indeed, up to a smooth change of variable, the 
Laplace equation in 0, (|2.ip turns into a divergence form elliptic equation in the exterior of a corner, 
and we would use results related to elliptic equations in polygons, see [9]. 
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as \z\ — > oo. 



The previous theorem is about the behavior near the obstacle. In the case of an unbounded domain 
(as in Theorem ll.3p . we will need the following proposition about the behavior of T at infinity. 

Proposition 2.3. IfTis a biholomorphism from £1 to the exterior of the unit disk such that T(oo) = 
oo and T'(oo) G M*^, then there exist ((3,(3) G x C and a holomorphic function h : $7 — > C such 
that 

T{z) = (3z + p + h(z) 

with 

h(z) = and h '( z ) = ^(j^p)' 

Moreover, T _1 admits a similar development. 

Proof We consider E := T _1 (5(0,2) \ B(0, 1)) U C, which is an open, bounded, connected, simply 
connected and smooth subset of the plane. Then, the map H := T/2 is a biholomorphism between 
E c and B(0, l) c , and we can apply Remark 2.5 of [10] to end this proof. □ 

2.2. Biot-Savart Law. 

One of the keys of the study for two dimensional ideal flow is to work with the vorticity equation, 
which is a transport equation. For example, in the case of a smooth obstacle, if we have initially 
loq := curl-uo G L 1 n L°°, then \\oj(t, ■)]{&> = \\ojq\\lp for all t,p. So, we have some estimates for the 
vorticity, and the goal is to establish estimates for the velocity. For that, we introduce the Biot-Savart 
law, which gives the velocity in terms of the vorticity. Another advantage of the two dimensional 
space is that we have explicit formula in the exterior of one obstacle, thanks to complex analysis and 
the identification of M 2 and C. 

Let Q be the exterior (resp. the interior) of a bounded, closed, connected, simply connected subset 
of the plane, the boundary of which is a Jordan curve. Let T be a biholomorphism from Q to (.6(0, l)) c 
(resp. B(0, 1)) such that T(oo) = oo (resp. T(zo) = 0). 

We denote by Gq = Gn(x,y) the Green's function, whose the formula is: 

G n (x,y) = —In \ r{x) ~ T ^\ - t (2.5) 
m ,y) 2vr \T(x)-T(y)*\\T(y)\ y ' 

writing x* = t4^. The Green's function verifies: 

\x\ 

A y Gn(x, y) = 5(y - x) Mx, y GO, Gq(x, y) = M(x, y) G Vt x dfl, Gq(x, y) = Gn(y, x) Mx, y G O. 
The kernel of the Biot-Savart law is Kq = Kq(x, y) := V^Gq(x, y). With (x\, a^) 1 " = ( X2 ) > the 



explicit formula of is given by 



x- L 



Kn{x,y) = —DT (x)' 



2vr v ; V \T(x)-T(y)\ 2 \T(x)-T(y)*\ 2 
and we introduce the notation 



K n [f] = K n [f](x) := / K n (x,y)f(y)dy, 



with / G C c °°(0). 

In unbounded domain, we require information on far- field behavior of K^. We will use several times 
the following general relation: 

a b 

W~W 2 



|a " 61 (2.6) 



|a||0| 

which can be easily checked by squaring both sides. Using the behavior of DT at infinity (Proposition 
12. 3p . we obtain for large \x\ that 

\K n [f]\(x)<^, (2.7) 
where C2 depends on the size of the support of /. 
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The vector field u = Kq [/] is a solution of the elliptic system: 

divu = in Q, curlu = / in Q, u ■ h = on dQ, lim \u\ = 0. 

\x\— >oo 

If we consider a non-simply connected domain (as in Theorem II the previous system has several 
solutions. To uniquely determine the solution, we have to take into account the circulation. Let h be 
the unit normal exterior to Q. In what follows all contour integrals are taken in the counter-clockwise 
sense, so that <f dc F ■ f ds = — <f ac F ■ h^~ds. Then the harmonic vector field 

*nM = ^m|TW| = £fl7*<x)^ 

is the uniqueQ vector field verifying 

div-ffo = curli^n = in Q, Hq ■ n = on dC, Hq(x) — > as |x| —> oo, <p Hq ■ t ds = 1. 

Jac 

Using Proposition 12.31 we see that Hq(x) = 0(l/\x\) at infinity. Therefore, putting together the 
previous properties, we obtain the existence part of the following. 

Proposition 2.4. Let uo G L£°(fi) and 7 G R. If T2 is an open simply connected bounded subset 0/R 2 , 
then there is a unique solution u of 



which is given by 

u(x) = Kn[(J\(a 

If C is a closed simply connected bounded subset of R 2 and 
solution u of 



divu = 


in f2 




< curl u = co 


in f2 




u ■ h = 

V 


on d£l 




u(x) = K n 


[«](*). 


(2 



\ C, then there is a unique 



divu 


= 


in Vt 


curlu 


= to 


in Q 


u ■ h 


= 


on dC 


< 

u{x) — > 






as \x\ - 


-> 00 


(p u ■ fds 


= 7 




k Jac 







u(x) = K n [oj](x) + (7 + / u)H n (x) 



which is given by 



Concerning the uniqueness, we can see e.g. [H Lemma 2.14] (see also [7; Proposition 2.1]). 
We take advantage of this explicit formula to give estimates on the kernel. We introduce 

■(T(x)-T(y))^ (T(x)-T(yy)- 



(2.9) 



R[u]{x) 



n \ \T(x)-T(y)\* \T(x)-T(y)*\ 2 



u{y)dy, 



so that (|2.9|) reads 



<x) = ^DT T (x)(r[u}{x) + (7 + J 



T(x) 
\T{x) 



Proposition 2.5. Let assume that uo belongs to L 1 n L°°(Q). If all the angles of ft are greater than 
it/2, then there exist (C, a) G R+ x (0,1/2] depending only on the shape of ft such that 

1 1/2 11 ,,1/2 



il-a 



\\R[u]\\l°°(p) < C(l|w|| L i + IMIliIMIl°°" + IM|z,i 

Moreover, R[u)] is continuous up to the boundary. 

1 see e.g. [7]. 
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In the case where C is a Jordan arc, the uniform bound is proved in [10, Lemma 4.2] and the 
continuity in |1U[ Proposition 5.7]. The proof here is almost the same, except that we have to take 
care that DT~ l is not bounded if there is an angle less than tt (see Theorem l2.ip . For completeness, 
we write the details in Section [UJ In this proof, we can understand why we assume that the angles are 
greater than tt/2: we need that detD7~ -1 belongs in LP for some po > 2 (see Remark | 



2.3. Existence and properties of weak solutions. 

The goal of this subsection is to derive some properties about a weak solution obtained in Theorem 
11.11 from [3]. We will also establish similar formulations verified by extensions on the full plane. 
a) Weak solution in an unbounded domain. 

We begin by the hardest case: let tt := R 2 \ C, where C is a bounded, simply connected closed set, 
such that dC is a C°° Jordan curve, except in a finite number of point z\, z%, ■ z n where dtt admits 
corner of angle «j. Then, there exists some pieces of the boundary which are smooth, implying that 
the capacity of C is greater than (see e.g. [3, Proposition 6]). Therefore, Theorem 11.11 with our 
exterior domains is a direct consequence of O Theorem 2]. 

We know the existence of a global weak solution. We search now some features of such a solution. 
Let uq satisfying (|1.4p and u be a global weak solution of (|l.ip - (|1.2p in the sense of ()1.6|) and (jl.7|) 
such that 

u G L^ c {^ + ;L 2 loc (tt)), oo := curlu G L°°(R + ; L 1 n L°°(tt)). 

As ojq := curl«o is compactly supported in tt we note that we can define the initial circulation. Indeed, 
let J be a smooth closed Jordan curve in tt such that C is included in the bounded component of R 2 \ J 
and supp ojq in the unbounded component. Therefore, we can define the real number 

70 := j> u -fds. 

Let us remind that uq satisfies (jl.4p . so that it belongs to Wh? for all finite q, and so that the integral 
at the r.h.s. is well-defined. Moreover, 70 does not depend on the curve separating C and supp ojq 
(thanks to the curl free condition near C). Passing to the limit, we obtain 



70 = f Uq ■ fds. (2.10) 
JdC 

We have proven in the previous subsection that we can reconstruct the velocity in terms of the 
vorticity and the circulation: 



u (x) = Kq[u) ](x) + (70 + J ujq)Hq(x). 

From the definition of weak solution, we know that the quantities \\u)(t, •)\\L 1 nL° a (0) an d J* w(t, 
are bounded in R + . Moreover, we infer that the circulation 



j(t) := ® u(t, ■) ■ fds 
JdC 

is bounded locally in time. To show this estimate, first, we note that the previous integral is well 
defined putting 



7(t) := <x> u(t, ■) ■ fds — / u(t, •) dx, 
J J J A 

with A = tt n (bounded connected component of R 2 \ J). Indeed, thanks to the uniqueness part of 
Proposition 12.41 with §jii{t, ■) ■ f ds = go, we state that u can be written as in (|2.9|) . and we deduce 
from Theorem 1 2 . 1 1 and Proposition 12.51 that <f dc u(t, ■) ■ f ds is well defined. 

Next, let K be a compact subset of tt. In this subset, we know by the definition of T and Proposition 
I2.5l that Ka[u)(t, -)}(x) is uniformly bounded in R + x K. Then there exist C\, C% such that (|2.9p implies 

d|7(t)l < IK*, -)\\v(k) + C2 + c,Mt, -)\\ LHn) , 
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for any t G R + (we have C\ = \\HQ\\ L 2tK)). As u belongs to L^ C (R + ; L 2 (K)) (see the definition of 
weak solution), then we have that 

7 e^ c ([0,oo)). (2.11) 
Moreover, putting together this estimate of 7, Remark 12.21 and Proposition 12.51 then (|2.9|) gives 
that 

U GL£ c ([0,oc);Lf oc (rI)), Vp < 4, (2.12) 

which is an improvement compared to the definition of weak solution, because we control up to the 
boundary. 

Let us derive a formulation verified by to. 

First, we note that for any test function tp G D([0, 00) x fi;R), then ip := V^ip belongs to the set 
of admissible test functions, and (|1.7p reads 

Vcp G X>([0,oo) x fi;R), / / (u)-dt(p + um- Vtp) = - / wo<p(Q,-). (2.13) 

Jo Jn Jn 

Then, (uj,u) verifies the transport equation 

d t uj + u-Vuj = (2.14) 

in the sense of distribution (|2.13p in £1. We need a formulation on R 2 . For that, we denote by ui 
(respectively u) the extension of to (respectively u) to R 2 by zero in Vt c . Let us check that it verifies 
the transport equation for any test function tp G C£°(R xl 2 ). 

Proposition 2.6. Let (10, u) a weak solution to the Euler equations in fL Then, the pair of extension 
verifies in the sense of distribution 

' d t to + u ■ Vuo = 0, in R 2 x (0, 00) 

divtt = and curl?/ = to + g& y(s)Sgc, in M 2 x [0, 00) 

1-1 (2.15) 
\u\ —7- 0, as \x\ — > 00 

k to(x, 0) = u>o(x), in R 2 . 

where 5qc ^ s the Dirac function along the curve and with 

9co n {x) =u • f 

= lim Kn[oo](x - pn) + (7 + / Co)Hq(x - ph) 
L P ^o+ J J 

Proof. The third and fourth points are obvious. The second point is a classical computation concerning 
tangent vector fields: there is no additional term on the divergence, whereas it appears on the curl 
the jump of the tangential velocity (see e.g. the proof of Lemma 5.8 in jlUj). 

Concerning the first point, we have to consider the case of a test function whose the support meets 
the boundary. Let ip G C^°(R xl 2 ). We introduce $ a non-decreasing function which is equal to if 
s < 1 and to 1 if s > 2. Let 

We note that 

• it is a cutoff function of an e-neighborhood of C, because T is continuous up to the boundary 
(see Theorem l2.ip . 

• we have V<l? e • Hq = 0, because Hq(x) = ^ \ j-J})\^ ( see Subsection 12. 2p . 

• the Lebesgue measure of the support of V$ E is o(y / i : ). Indeed the support of V<& £ is contained 
in the subset {x G Q E \1 + e < |7~(x)| < 1 + 2e}. The Lebesgue measure can be estimated 
thanks to Remark 12.21 

dx= |det(L>T~ 1 )|(z)(iz < V^ll det(D7^ 1 )||^(B( ,i +ae )\B(o,i)) ) 

l+£<|7"(x)|<l+2e J l+e<\z\<l+2e 

where the norm in the right hand side term tends to zero as e — > (by the dominated 
convergence theorem). 



_> (2.16) 
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Another interesting property is the fact that the velocity is tangent to the boundary whereas V<i> £ is 
normal. Indeed, we claim the following. 

Lemma 2.7. As ui belongs to L°°(R + ;L 1 n L°°(0)) then 

u ■ V$ £ ->■ strongly in L X (R 2 ), 

uniformly in time, when e — ¥ 0. 

This property is not so obvious, because \u ■ V<I> £ | ^ D J^ R[lj]&'( 1 ^ with H^ ^ 7 "^^ 1 ^ = 

O(e) (in the case where DT~ 1 is bounded) and DT blowing up. The perpendicular argument is crucial 
here and we use the explicit formula ()2.9[) to show the cancellation effect. This lemma is proved in 
the case where C is a Jordan arc in \10\ Lemma 4.6]. For a sake of completeness, we give the general 
proof in Section [6l 

As & £ ip belongs to C£°(R x f2) for any e > 0, we can write that (u, u) is a weak solution in $7: 

poo p poo p p 

/ / ($ £ (/?)tw dxdt + / / V(® e ip) ■ uuj dxdt + / ($V)(0, x)u (x) dx = 0. 
Jo Jr 2 Jo it 2 it 2 

As oj £ L 00 ^ 1 n L°°), it is obvious that the first and the third integrals converge to 



iptu dxdt and / ip(0, x)ujq(x) dx 
JR 2 Jr 2 

as e — > 0. Concerning the second integral, we have 

poo p poo p poo p 

/ / V(® £ (p) ■ uco dxdt = / / (/?(V<I> £ • u)ui dxdt + / / & £ Vip ■ uu dxdt. 
Jo Jr 2 Jo Jr 2 Jo Jr 2 

The first right hand side term tends to zero because V$ £ • u — > in L 1 (M 2 ) and <j G L°°(IR + x 
The second right hand side term converges to 

Vip ■ uuj dxdt 



o 

because u belongs to L 2 (supp n (Rj x 0)) (see f|2. 12 j) ) . Putting together these limits, we obtain 
that: 

poo p poo p p 

I I (ftujdxdt+ j j V ip- uuj dxdt + / v?(0, x)uio(x) dx = 0, 
Jo Jr 2 Jo Jr 2 Jr 2 

which ends the proof. □ 

The goal of the following is to prove that the LP norm, the total mass of the vorticity and the 
circulation are conserved quantities. 

In a domain with smooth boundaries, the pair (w, u) is a strong solution of the transport equation, 
and the conservation of the previous quantities is classical. The main point here is to remark that 
this pair in our case is a renormalized solution in the sense of DiPerna and Lions (see pQ) of the 
transport equation. We consider equation (|2.14j) as a linear transport equation with given velocity 
field u. Our purpose here is to show that if ui solves this linear equation, then so does /3(a)) for a 
suitable smooth function /3. This follows from the theory developed in |1J where they need that the 

velocity field belongs to L\ oc (r + , W^iR 2 )^ <T\L\ oc (R+, L x (]R 2 ) + L°°(IR 2 )) and that divu is bounded. 

Let us check that we are in this setting. 

Lemma 2.8. Let (uj,u) be a global weak solution in £1. Then 

u € L£ c (R+ W^ c (R 2 )) n (R+ L X (R 2 ) + L°°(M 2 )) . 

We use the explicit form of the velocity (|2.9p : u(x) = DT (x) f (T (x)) , where / looks like the Biot- 
Savart operator in R 2 . Therefore, the result follows from the fact that DT belongs to J?(fi) for 
any p < 4/3 (see Theorem 12. ip . and thanks to Proposition 12.51 and the Calderon-Zygmund inequality. 
The proof is written in [12] in the case where C is a Jordan arc. We generalize it in Section [6j 

Therefore, [1 implies that 57 is a renormalized solution. 
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Lemma 2.9. For u fixed. Let UJ be a solution of the linear equation f)2.14[) in R 2 . Let (3 : R — > R be 
a smooth function such that 

W(t)\ <C(l + |*n, Vi G R, 

for some p > 0. T/ien is a solution of (|2.14p in R 2 (m i/ie sense of distribution) with initial 

datum (3(u)q). 

We recall that u denotes the extension of u by zero in C, and the previous lemma means that for 
any $ G C c °°([0, oo) x R 2 ) we have 

^ / /3(w)$(i,x)dr = / /3(w)(St$ + u- V$)cfa (2.17) 

in the sense of distributions on R + . Now, we write a remark from [TH] in order to establish some 
desired properties for uj. 

Remark 2.10. (1) Since the right-hand side in (|2.17p belongs to Lj^R" 1 "), the equality holds in 
L 1 1 oc (R + ). With this sense, (|2.17p actually still holds when is smooth, bounded and has bounded 
first derivatives in time and space. In this case, we have to consider smooth functions (3 which in 
addition satisfy /3(0) = 0, so that /3(w) is integrable. This may be proved by approximating $ by 
smooth and compactly supported functions $ n for which (|2.17[) applies, and by letting then n go to 
+oo. 

(2) We apply the point (1) for (3{t) = t and <J> = 1, which gives 

/ u(t,x)dx= / U)q{x) dx for all t > 0. (2.18) 
Jn Jn 

(3) We let 1 < p < +oo. Approximating f3(t) = \t\ p by smooth functions and choosing $ = 1 in (|2.17p . 
we deduce that for a solution oj to (|2.14|) . the maps t \-t \\^(t)\\LP(n) are continuous and constant. In 
particular, we have 

II^WIIl 1 ^) + II^C*) (n) = ll w o||Li(n) + ll w o||i°°(n)- (2.19) 

In the case of unbounded domain, we will require that u stays compactly supported. Specifying 
our choice for $ in (|2.17p . we are led to the following. 

Proposition 2.11. Let uj be a weak solution of ()2.14p such that 

ujq is compactly supported in B(0,Rq) 
for some positive Ro. For any T* fixed, then there exists C > such that 

uj(t, •) is compactly supported in B(0,Rq + Ct), 

for any t G [0,T*]. 



The main computation of this proof can be found in [13] or in [12] . For a sake of self-containedness 
we write the details in Section [6j 

Therefore, for T* fixed, there exists R\ such that the support of the vorticity is included in -B(0, R\) 
for all t G [0,T*]. It implies that u is harmonic in B(0,Ri) c (divu = curln = 0), and (jl.ip is verified 
in the strong way on this set. With strong solution, the Kelvin's circulation theorem can be used, 
which states that the circulation at infinity is conserved: 

7 (t) + J L0(t, •) = 7 °°(i) = 7o °° = 70 + J L0 . 

Using the conservation of the total mass (|2.18p , we obtain that the circulation of the velocity around 
the obstacle is conserved: 

7 (t)^ 7 o, Vt€[0,T*]. (2.20) 
b) Weak solution in a bounded domain. 

The previous part can be adapted easily to the bounded case. In simply connected domain, we do 
not consider the circulation: 

u (x) = Kn[u>o\- 
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As Proposition 12.61 is about the behavior near the boundary, we can check that we obtain exactly the 
same. 

Proposition 2.12. Let (uj,u) a weak solution to the Euler equations in £1 bounded. Then, the pair of 
extension verifies in the sense of distribution 

( d t uj + u-Vu = 0, in R 2 x (0, oo) 



divu = and curlu = oj + go(s)5g^i, in R 2 x [0,oo) 



(2.21) 



k uj(x,0) = u (x), 
where 5qq is the Dirac function along the curve and g^ is : 

9u(x) =-U-T 

lim Kq [ui] (x — pn) 
P-S-0+ 



in 



(2.22) 



Moreover, we have a term less compared of the unbounded case, then we can also check that u is 
a renormalized solution and that 



/ u)(t, x) dx = / ujq{x) dx for all t > 
Jn Jn 



and 



to 



L!(n) + = ll w o||z,i(o.) + ll w o||L°°(n)- 

3. LlAPOUNOV METHOD 



(2.23) 
(2.24) 



In this section, we present the proof for a Lagrangian solution. When the velocity u is smooth, it 
gives rise to a flow <j) x (t) defined by 



iMt) 

<fe(o) = 



u 



[t,Mt)) 



x E 



In view of (|1.3|) . we then have 



d_ 

It 



u(t,<f> x (t)) = 0, 



(3.1) 



(3.2) 



which gives that uj is constant along the characteristics. We assume here that these trajectories exist 
and are differentiable in our case, and we prove by the Liapounov method that the support of the 
vorticity never meets the boundary dQ. Although we do not know that the flow is smooth, the 
following computation is the main idea of this article, and it will be rigourously applied in Section HI 
The Liapounov method to prove this kind of result is used by Marchioro and Pulvirenti in [16] in 
the case of a point vortex which moves under the influence of the regular part of the vorticity, and 
by Marchioro in |15| when the dirac is fixed. In both articles, the authors use the explicit formula of 
the velocity associated to the dirac centered at z(t): H(x) = (x — z) ± /(2tt\x — z\ 2 ). The geometrical 
structure is the key of their analysis. Indeed, choosing L(t) = — In \(f> x (t) — z(t)\ they have that 

a) L(t) — > oo if and only if the trajectory meets the dirac. Then, it is sufficient to prove that 
L'(t) stays bounded in order to prove the result. 

b) H(4> x (t)) ■ (<j> x (t) — z(t)) = 0, which implies that the singular term in the velocity does not 
appear. 

Therefore, the explicit blow up in the case of the dirac point is crucial in two points of view: for the 
symmetry cancelation (point b) and for the fact that the primitive of 1/x is lnx which blows up near 
the origin (point a). In our case, we do not have such an explicit form of the blow up near the corners 
and the primitive of l/\/x is yfx which is bounded near 0. The idea is to add a logarithm. When C is 
\T\ 



a Jordan arc, \T\ ~ 1 + V z 2 — 1 and we note that lnln(l + \fz 2 — V) blows up near the end-points dbl. 

However, the problem with Liapounov function is that it is very specific on the case studied. For 
example, this function is different if the dirac point is fixed or if it moves with the fluid (for more 
details and explanations, see the discussion on Liapounov functions in Section [7]). 
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We fix xq G Q, and we consider <f> = 4> xo {t) the trajectory which comes from xq (see (|3.ip ). We 
denote 

L(t) :=-ln|Li(t,0(t))| 
with L\ depending on the geometric property of f2: 

(1) if £1 is a bounded, simply connected open set, such that d£l has a finite number of corner with 
angles greater than ir/2 (as in Theorem ll.2p . then we choose 

ilM (3 - 3) 

(2) if f2 := M 2 \ C, where C is a compact, simply connected set, such that dd has a finite number 
of corner with angles greater than n/2 (as in Theorem \1.3\i , then we choose 

L l( M) := ^ / n h( frw^rww m )""■ ri * + ^ '° |TWI " <3 ' 4) 

where a := 70 + J uq. 

When trajectories exist, it is obvious (without renormalization) that (|3.ip and (|3.2j) imply that 

||w(i, = ||wo||lp and / cj(t,-)= / cjq, Vi > 0, Vp G [1, 00]. (3.5) 

Jq Jq 

We assume that ujq is compactly supported, then included in B(0,Rq) for some Ro > 0. Thanks to 
Propositions 12.31 and 12.51 we see that the velocity u is bounded outside this ball by a constant Co, and 
(ETT1) and ([321) give 

supp u)(t, •) C B(0, R + C t), Vt > 0. (3.6) 

We also have that the circulation is conserved. 

If we assume that ujq is non positive, then it follows from (|3,2p that 

oj(t,x) < 0, yt> 0, Vx G O. (3.7) 

3.1. Blow up of the Liapounov function near the curve. 

The first required property is that L goes to infinity iff the trajectory meets the boundary. Next, if 
we prove that L is bounded, then it will follow that the trajectory stays far away the boundary. We 
fix T* > 0, using ([M]) we denote by R T * := R + C T*, such that supp u(t, ■) C B(0, R T *) for all 
t G [0,T*]. 

Lemma 3.1. For any case (l)-(2), there exists C\ = Ci(T*, ujq, 70) such that 

\Li(t,x)\ < Cx\\T{x)\ - 1| 1/2 , Vx € B(Q,R T *), VtG[0,T*]. 

Proof. For a sake of shortness, we write the proof in the hardest case: case (2). The other case follows 
easily. Recalling the notation z* = z/\z\ 2 , we can compute 

\T(x) - T(y)\ 2 _ 1 \T{x) - T(y)*\ 2 \T(y)\ 2 - \T(x) - T{y)\ 2 



\T(x) - T(yY\ 2 \T(y)\ 2 \T(x) - T{yY\ 2 \T(y)\ 2 

1 (\T(x)\ 2 \T(y)\ 2 - 2T(x) • T{y) + 1) - (|7»| 2 - 2T(x) • T(y) + \T(y)\ 2 ) 

\T(x)-T(y)*\ 2 \T(y)\ 2 
(\T{x)\ 2 -l){\T{y)\ 2 -l) 
\T(x)-T{yY\ 2 \T{y)\ 2 ' 

Therefore, we have 

\T{x)-T{y)\ \ l ]n / \T{x)-T{yf 



\T(x)-T( y )*\\T(y)\J 2 \\T(x)-T( y )*\ 2 \T(y)\ 2 

-Ui d^)l 2 -i)(ir(y)P 



2 V \T(x)-T( y y\ 2 \T(y)\ 2 
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and we need an estimate of ln(l — r) when r G (0, 1), because we recall that |T(z)| > 1 for any z£!l. 
It is easy to see (studying the difference of the functions) that 

| ln(l — r)| =-ln(l-r) < f-I—V^, Vr G [0,1). 



Applying this inequality, we have for any y ^ x that 



In 



1 — r 



(|T(x)| 2 -l)(|Tfa)| 2 -l) 



\T(x)-T(y)\ \ < if w^prwwmP V /2 



\T(x)-T(y)*\\T(y)\ 



2 V \T(x)-T{y)\* 



i V(ir(x)p-i)(|r(^)| 2 -i) 

" 2 \ T (x)-T(y)\ 



By continuity of T, we denote by Ct* a constant such that T(B(0, R^*)) C B(0,Ct*). Finally, we 
apply the previous inequality to L\ and we find for all x G -6(0, i?T*) and t G [0, T*]: 

s + 1)' /2 (|rw , _ , )V , ^ _J^L_ dy + M h | T( ,,| 

< ^^(IH^I - 1) 1/2 C(|| W ||^ 2 || W ||^ + IMIfclMll?) + l -^(\T(x)\ - 1). 

For the last inequality, we used a part of Proposition ESJ As (\T(x)\ - 1) < Ct( 2 (|T(x)| - l) 1 / 2 , the 
conclusion follows from (13.51). □ 



Concerning the lower bound for the case (l)-(2), we need some conditions on the sign. 

Lemma 3.2. If luq is non-positive and 70 > — / ujq (only in case (2)), then there exists C 2 = 
C2(T*,o;o) such that 

Li{t,x) > C 2 \\T(x)\ - 1|, Vx G B(0,R T »), Vi G [0,T*]. 

Proof. Again, we write the details in the case (2). We denote by := ||wo||l°° and r\ := ||wo||z,i- 
For p > 0, we denote by 

Vi := (C + B(0,p))nn = {x G 0;dist(x,C) < p}, V 2 := fi \ V x . 

We fix p such that the lebesgue measure of V% is equal to ri/{2r oa ). 
We deduce from (|3.5p that 

ri = ||w(i,-)[Ui(vi) + ||w(*,-)IUi(v a ) 

with ||uj(t, -)]|z/ 1 (X^i) - r oon/(2roo) = ri/2 which implies that OHlA^) — r i/ 2 - 

As the logarithm of the fraction is negative (see the proof of Lemma l3.ip . we have, with the sign 
condition, that: 

L 1 (t,x)>— [ lnf— j2^-lM—)co(y)dy. 
u ' >-2irJ V2 \\T(x)-T(yy\\T(y)\J w 

Moreover, thanks to the computation made in the proof of Lemma 13.11 we have 



In 



/ \T(x)-T(y)\ \ I / \T{x)-T(y)\ 2 \ 
\\T(x)-T{yY\\T(y)\) 2 \\T{x) -T{yY\ 2 \T(y)\ 2 ) 

ij ( 1 (|r(x)| 2 -i)(|r( y )| 2 -i) 



< 



2 v |r(x)-r(y)*| 2 |r(y)| 2 

l (|T(x)| 2 -l)(|T(i/)| 2 -l) 
2 |T(x)-T(y)*| 2 |T(y)| 2 



) 



because ln(l + x) < x for any x > —1. 
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As p > and T is continuous, there exists C p > such that \T(y)\ > 1 + C p , for all y G V2. 
Moreover, there exists also i?x* > 1 such that T(B(0, Rt*)) C £?(0,-Rt*)- Adding the fact that w is 
non positive, we have for all y € V2 PI supp w and 1 £ 8(0, i?T* ) 

/ |T(s)-T(y)| \ , , l (|T(x)| 2 -l)(|T(y)| 2 -l) 

Mr(x)-r(i/)i|r(y)K lyj - 2 \T{x)-T{yy\*\nyW 1 iyjl 

> 1 (|T(s)| - l)(\T(x)\ + 1)(|T(|/)| - l)(\T{y)\ + 1) 

" 2 (|T(*)| + l) 2 |T(y)| 2 1 m 

> m w 

" 2 (jfrr. + iji&r. 1 Wl 
Integrating this last inequality over V2, we obtain that 

1 f ir(x)-r(i/)| v.,_. w ._ (|r(x)|-i)c p 



LlM * 25F i 2 H |r(x) - fOTH^r (y) dy " MR.* + D^r. IHIl1 ™ 

87r(itT* + ljivr* 

which ends the proof. □ 

Multiplying by —1 the expression of L±, we can establish the same result with opposite signe 
condition: 

Remark 3.3. If ojq is non-negative and 70 < — J ujq, , then there exists C2 such that 
-Li(t,x) > C 2 \\T(x)\ - 1|, Vx G B(0,i? T *)> Vt G [0,T*]. 
From these two lemmas, it follows obviously the following. 

Corollary 3.4. If uq is non-positive and 70 > — f ojq (only for (2)), then we have that 

• L\(x) > for all x G O; 

• Li(x) —> if and only if x —> dfl. 

If ujq is non-negative and 70 < — J ujo (only for (2)), then we have that 

• L\(x) < for all x G Q.; 

• L\{x) — > if and only if x —> d£l. 

Indeed, \T{x)\ -»• 1 iff x dSl. 

3.2. Estimates of the Liapounov. 

The issue of this part is to prove that the trajectory never meets the obstacle in finite time. In 
other word, let xq G supp uiq (then Li(0, xo) 7^ 0) and T* > 0, we will prove that L(t) stays bounded 
in [0, T*]. Then, we differentiate L: 

L'(t) = - (d t Lx(t, (Pit)) + 4>'{t) ■ VLi(t, <j>(t)j) /Li(t, 0(t)) 



and we want to estimate the right hand side term. 
As usual, we write the details for the case (2). 
On one hand, we note that 



= 

thanks to the explicit formula of u (see (|2.9|) ). 
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On the other hand, we use the equation^ verified by ui to have 



1 



dtL^t^x) = — / In 



\T(x)-T(y)\ 
2ir Jn^\T(x)-T(y)*\\T(y)\ 
\T{x)-T{y)\ 



1 

2n 



In 



\T(x)-T(y)*\\T(y)\ 



d t u(y) dy 



div (u(y)u(y)) dy 



In 



\T(x)-T(y)\ \ 

ir(x)-r(y)*||r(y)|^ 



■u{y)ui(y) dy. 



Now, we use the symmetry of the Green kernel (see Subsection 12.2 



V„ In 



\T(x)-T(y)\ \ 



'v m {\ T (x) - T(y)*\\T(y)\) Vy H |T(y) - T{x)*\ \T{x)\ 
and the explicit formula of u(y) to write 



\T(y)-T(x) 



d t Li(t,x) = — 



/ T(y)-T(x) T(y)-T(x 



\\T(y)-T(x)\ 2 \T(y)-T(x 



*|2 J 



DT(y)^DT T {y)(R[u>]{y) 



+ a 



T(yY 



io{y) dy. 



a b 
-b a 



As T is holomorphic, DT is of the form 
\det(DT)(y)\Id, so 

-/ T{y)-T(x ) T(y) - 7»* 



|r(y)| 2 , 

and we can check that DT{y)DT T (y) = (a 2 +b 2 )Id 



d t Li(t,x) 



1 



(2vr)2 J n LV |T(y) - T(x)| 2 \T(y) - T(*)*| 2 

T(y) 



R[u>]{y) + a, 



(3. 



det(DT)(y)\u;(y)dy. 



\T(y)\ 2 < 

The goal is to estimate dtL\jL\. However, Corollary 13.41 states that L\ goes to zero if and only if 
x — > d£l. Then it is important to show that dtL\ tends to zero as x — > <9f2, and to prove that it goes 
to zero faster than L\. 

We will need the following general lemma. 

Lemma 3.5. Let h be a bounded function, compactly supported in 5(0, i?^) for some > 1. Then, 
there exists = C(||/i||loo , R h ) such that 

dy<C h (\M\x\-l)\ + \x\], \/xeD c 



id- \y - x\\y - x 

with the notation x* = x/\x\ 2 and D = B(0, 1) 
Proof. We fix x G D c and we denote 



We compute 
l%)l 



D< \y - x\\y - x 



■dy 



p = \x\ — 1 and p* = 1 — |x' 

l%)l 

D c nB(x,4p) \y — x \\y — x *\ 



i+p i+p 



dy + 



l%)l 



For I\, we know that \y — x*\ > \y\ — \x*\ > p*, hence 

1 



h < 



< 



P JD c C\B{x,Ap) W 



Hv)\. dyt .\HL 



D c nB(x,4p) c \y — x \\y — x 
l 



dy 



p JB{x,Ap) \y 



dy 



(1 + 



-2vr4p 



which gives that I\ < CMaH. 



to justify that it works even for a weak solution, the reader can see the first lines of the proof of Proposition 12.111 
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Concerning I 2 , we note that 



\x - x*\ = p + p* = p + < 2p < ~\y - x\ 

1 + p 2 



for any y G B(x,Ap) c . Hence, 



\y — x *\ > \y — x\ — \x — x*\ > -\y — x\ 



and we have 



h < 

JD c nB(xs 

< 4tt II /ill L oo In 



2|%)| 



DT\B(x,4p) c W ~ x \ 

A + Rh 
Ap 



dy< 2\\h\\ L o 



2tt Ax\+R h 1 

/ - drdO 

Jip r 



which implies that I 2 < C 2 (\ hi(|x| - 1)| + In . 

We conclude because there exists C3 = Cs(Rh) such that In 1^1+^ < Cs\x\ for any x G D c . □ 



We recall that we have fixed T* > and xq G supp ujq. Using (|3.6p . we denote by i?x* := Ro+CqT*, 
such that supp u)(t, •) C B(0, Rt*) for all t G [0, T*]. Finally, we estimate dtL\ without sign conditions. 

Lemma 3.6. There exists C3 = Cs(T*) such that 

\d t L x {t,x)\ < C 3 \\T(x)\ - l|(l + |m||T(x)| - 1||), Vx G B(0,R T .), Vt G [0,T*]. 
Proof. Using (|2.6p we know that 



T(y)-T(x) T{y)-T{xy 



\T(x) - T(x) 



\T(y) - T(x)| 2 \T(y) - 7»*| 2 \T{y) - T{x)\\T{y) - T(x)*\ ' 
Then, Proposition 12.51 and (|3.5p allow us to estimate (|3.8p 



|^Li(t,x)| < C|T(x) - T(x)* 
On one hand, we have for all x G 5(0, Rt 



\T(x)-T(x) 



n \T(y)-T(x)\\T(y)-nx)*\ 
T(x)|T(x)| 2 -T(x)| | T(x) | 2 



det(DT)(y)\dy. 



|T(x)| 2 

(ir(x)|-i)(|r(x)| + i) 

|T(x)| 



|T(x)| 
< 2(|T(x)| - 1). 



On the other hand, we change variables 77 = T(y) and we compute 



l«(y)l 



-\det(DT)(y)\dy 



HT-Hri))\ 



rj — T(x)\\rj — T{x)* 



'n \T{y) — T(x)\\T(y) — T(x) \ JDc 
As ||w o 7" _1 1 1 z,oo = ||o;o||l°° and as 

supp u o T _1 = T(supp uj) C T{B(0,R T *)) C B(0,R T 
we apply Lemma 13.51 to establish that 

Ky)l 



■ drj. 



h\T{y)-T(x)\\T{y)-T(xy 
This finishes the proof. 



det(DT)(y)\dy < C(jln(|T(x)| - l)\ + R T *\ Vx G B(0,R T *). 



□ 
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Remark 3.7. In the bounded case, there is a tricky difference in the previous proof. We note that 

\TM - TM*\ - (1-|T(*)I)(|T(*)| + 1) (l-IT(x)l) 
|T() T()l " \T(x)\ ~ 2 |T(x)| 

with |T(a;)| which can go to zero. To fix this problem, we can prove a similar result to Lemma l3.5t 
there exists Ch = C(IH|l°°) such that 



A/ l 'y ^ dy<C h (\Hl-\x\)\ + l), VxED. 

\x\ J D \y -x\\y - x*\ \ J 



Indeed, we can write \x\\y — x*\ 



y\x\ 



kl 



for y G B(x,4p) D D, 



2/N-R 



and we deduce putting p := 1 — \x\ that: 
— \y\ \x\ > 1 — |x| = p; 



• for y G B(x, 4p) c n D, y\x\ - ^ -\y - x\ 2 = (1 - \y\ 2 )(l - \x\ 2 ) > 0. 

Using this two inequality, we follow exactly the proof of Lemma 13.51 which allows us to establish 
Lemma IBTEI in the bounded case. 



In light of Lemmas 13.21 and 13.61 we see that we have an additional logarithm which implies that 
— > oo if x — > C. However, the logarithm is exactly what we can estimate by Gronwall inequality: 
Xj'(t} = ®iJ±L InLx = L(t). It is the general idea to establish the main result of this section. 

Proposition 3.8. We assume that ojq is non-positive, compactly supported in 0, and 70 > — f u>o- 
Then, for any T* > 0, there exists Ct* such that 

L(t) < C T *, Vx G supp u , Vt G [0,T*]. 

Proof. As the support of coq does not intersect 30, we have by continuity of T and by Lemma l3.2l that 

L(0) = -lnLi(0,a;o) < - In C 2 (|7> )| - 1) 

is bounded uniformly in xo G supp loq. 

For any, xq G supp ojq, ()3.6p gives that <fi(t) G B(0,Rt*), for all t G [0, T*]. Therefore, the 
computation made in the begin of this subsection gives 

L / (t) = -a 4 L 1 (t,0(t))/L 1 (t,0(t)). 

As L\ is positive, we have 

L'(t) = -dtLxfatW/Lxfaftt)) < \d t Lx(t, <f>(t)) \/L x (t,<f>(t)). 
Lemma 13.21 states that there exists C2 such that 

Li(*,0(t))>C a (|T(0(t))|-l). (3.9) 
Moreover, thanks to Lemma 13. 1|. it is easy to find C4 such that 

Li(t,x) < C 4 , G B(0,R T * HO), V* G [0,T*]. (3.10) 
Finally, we proved in Lemma 13.61 that there exists C3 such that 

wMt, mi < cs(\tw))\ - 1) (1 + 1 H\rm))\ - 1)1) • (3.11) 

We can easily check that in the interval (0,e -1 ) the function x 1— > x|lnx| is equal to the map 
x 1 — y — xlnx, which is increasing. By (|3.9|) and (|3.1U|) . we use the fact that 

Q ^ c 2 (\T(Ht))\ - 1) < LxjtAjt)) < e _! 
eC*4 _ eC^ 
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to apply this remark on (|3.1ip : 
\a,L l{ t, m \ < C A \ Tm) \ - l)(l + | in | + | in C2m ^ )l ~ 1} I) 

< c 3mm )\ - Df i + 1 in b <ww«»i - 1) 



C 2 V C 2 eC 4 eC 4 

< 0(i))(C 5 — C 6 lnLi(i, (j>(t))). 

As Li is positive, we finally obtain that 

The constants C5 and are uniform for xq G supp ojq and i G [0, T*]. Gronwall's lemma gives us 
that 

L(t) < (L(0) + ^)e CeT *, Vx G supp w , Vt G [0,T*]. 

^6 

□ 

By Corollary 13.41 the corollary of this proposition is that the support of w(t, •) never meets the 
boundary. As before, we have the same proposition with opposite sign conditions: 

Remark 3.9. We assume that the support of ujq is outside a neighborhood of d£l, that ojq is non-negative 
and 70 < — J ojq. Then, for any T* > 0, there exists Ct* such that 

L(t) < C T *, Vx G supp u , Vt G [0,T*]. 

Indeed, replacing everywhere L\ by —Li, the last inequality in the proof would be 

which allows us to conclude in the same way. 

4. VORTICITY FAR FROM THE BOUNDARY 

The role of this section is to apply rigorously the idea of the previous section. In Section we 
assume that the flows exist and are regular enough to compute derivatives. However, the solution 
considered in Theorems 11.21 and 11.31 are weak, and such a property is not established in the existence 
proofs (see [TUt 15]). 

Without considering trajectories, we have proved, thanks to renormalized solutions, that the weak 
solutions verified the classical estimates: 

• conservation of the total mass of the vorticity (|2,18D : 

• conservation of the L p norm of the vorticity for p G [1, 00] (I2.19P : 

• conservation of the circulation (|2.20p (only for exterior domain); 

• compact support for the vorticity: Proposition 12.111 (only for exterior domain). 

We can easily prove that the conservations of the total mass and the L 1 norm of the vorticity implies 
that 

wo > a.e. in £1 ==> u(t,x) > 0, Vt > 0, a.e. in £7. 

Thinking of the Liapounov function used in Section [3l we can construct a good test function in 
order to use the renormalization theory. We establish now the key result for proving the uniqueness. 

Proposition 4.1. Let uj be a global weak solution of ()2.14j) such that ojq is compactly supported in O. 
If ojq is non-positive and 70 > — / ojq (only for exterior domain), then, for any T* > 0, there exists a 
neighborhood Ut* of d£l such that 

u(t) = on U T *, Vt€[0,T*]. 
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Proof. According to Proposition 12.11] we have 

supp uj(t) C B (0, R + C t)) , Vt > 0. (4.1) 

We note R T * := Ro + C T*. 

Thanks to Lemma l3.1| it is easy to find C4 such that 

Li(t,x) < C 4 , Vx G B(0,R T * HO), Vt G [0,T*]. (4.2) 

We also deduce from the conservation of the vorticity sign that Corollary 13.41 holds true. 
We aim to apply (|2.17p with the choice f3{t) = t 2 and we set 

lnLi(i,x) + lnCV 



^)=*° v R{t) 

where xo is a smooth function: M — > R + which is identically zero for |x| < 1/2 and identically one for 
\x\ > 1 and increasing on M + , L\ is defined in (|3.4p and i?(t) is an increasing continuous function to 
be determined later on. 

As Li(t,x) < C 4 , we have that -lnLi(t,x) + lnC 4 is positive Vx G B(0, i? T * n Si), Vt G [0,T*]. 
On one hand, Lemma 13.21 states that there exists C2 such that 

L x {t,x) > C 2 (\T(x)\ - 1), Vx G B(0,R T * Dfi), Vt G [0,T*]. (4.3) 

Finally, we proved in Lemma 13.61 that there exists C3 such that 

\d t Li{t,x)\ <C 3 (\T(x)\ -l)(l + |ln(|T(x)| — VxG£(0,i? T *nO), Vt G [0,T*]. (4.4) 



Then, using the fact that x 1— > — xlnx is increasing in [0,e 1 ] (see the proof of Proposition I3.8|) we 
have that 

\9tLi{t,x)\ < Li(t,x)(C 5 - C 6 ln Ll ^ ,X ^ ), Vx G B(0,# T * nfi), Vt G [0,T*]. (4.5) 
On the other hand, we have 

Va;Li(t,a;) = a;), 
therefore ^ 

u .V$ = u-u ± -^- = 0. 

il-Li 

Besides, 

aa^ \ ^W, 1 $L x (t,a;)\ , /-lnLi(t,x) +lnC 4 

dMt > x) = [mt) ln " ^t^J x ° (, — W) 

In view of (f2TT]h this yields for anjfl T G [0, T*] 



/ 



$(T,x)w 2 (T,x)dx - / $(0,x)^(x)(fx 
Jr 2 



, , -lnL 1 (t,a;)+lnC4 , 1 
uj [t,x) - -B 1 ^—^ t 72 „\ dxdt - 



lo Jr 2 R \R C4 L\(t,x) 

Since — ln Ll Q^ > 0, the term x'oi — lnLl ^) +lnC ' 4 ) i s non negative and non zero provided | < 



- ln(Ll g'" )/C4) < 1, so we obtain 



/ $(T,x)uj 2 {T,x)dx - / $(0, x)wq(x) dx < / / uj 2 ^§ ( + C 5 + C 6 r) dx dt. 
Jr 2 Jr 2 Jo Jr 2 R V 2 / 

In the last inequality, we have used (|4.5p . which is allowed because supp uj C 5(0, -Rt* H O) for all 
i G [0,T*]. 

We now choose 



R(t) = A e 2 ^ - g, 



see the proof of Proposition 12. 1 ll to check that this equality holds for all T. 
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with Aq to be determined later on, so that 



/ <S>(T,x)oj 2 {T,x)dx < / $(0,x)oj%(x)dx. 
Jm. 2 Jr 2 



Since the support of uq does not intersect some neighborhood of C, the continuity of T implies that 
there exists fiQ > such that 7~(supp wq) C B(0, hq + l) c . Then, 



< -lnLi(0,x) +lnC 4 < - ]n[C 2 (\T(x)\ - l)J + lnC 4 < - ln(C 2 ^ ) + lnC 4 
for all x in the support of ujq. We finally choose Aq so that 



-ln(C 2W )+h]C 4 1 

A -g -a- 



For this choice, we have 



^/n \ 2/ \ / -lnLi(0,x) +lnC 4 \ 2 
$(0,x)u; 2 (x) = xo utf(s) = 0. 

V Ao " / 

We deduce that for all T G [0, T*], 3>(T, x)u 2 (T, x) = 0. Thanks to Lemma 13.11 we know that there 
exists C\ such that 

£i(T,x) < C x {\T(x)\ - l) 1 / 2 , Vx G 5(0, i?T*)> VTg[0,T*]. 
Therefore, for any x G T -1 (#(0, 1 + e^W)- 1 ^^ \ b(0, \)\ an d any T G [0, T*], we have that 



which implies that 



\T(x)\ < 1 + e -^^ T *)- ln ^ 
ln(|T(x)|-l) < -A (jR (T*)-lnC 4 ) 

-^ln(|T(x)|-l) > (i?(T*)-lnC 4 ) 

-^ln(|r(x)|-l) + lnC 4 ^ 1 (4g) 



R(T* 

Moreover, for any x G -6(0, Rt*) and T G [0, T*] we have that 

\nL x {T,x) < ^]n(|T(x)|-l) 

-lnLi(T,x) +lnC 4 > ln(|T(x)| - 1) + lnC 4 

which gives (using that R is an increasing function and that — lnLi(T, x) + lnC 4 > 0): 
-lnLi(T,x) +lnC 4 ^ -lnLi(T,x) + lnC 4 ln(|T(x)| - 1) + lnC 4 



R(T) ~ R(T*) ~ R(T*) 

Putting together the last inequality and ()4.6p . $(T, x)cj 2 (T, x) = for any T G [0,T*] implies that 

u(T, x) = 0, Vx G T- 1 (b(0, 1 + e -i (R(r) - lnC4) ) \ 5(0, 1)) , VT G [0, T*] 

and the conclusion follows. □ 

Remark 4.2. Of course, as in Remarks l3.3l and l3.9l the previous proposition holds true for the opposite 
sign condition: 

ujq non negative and 70 < — / ojq- 

Actually, we can prove Propositions 12.111 and 14.11 without the renormalized solutions. Indeed, as 
we proved in Remark 12.101 that u> stays definite sign (thanks to the renormalization theory) , then we 
can use uj instead of ui 2 in the proofs. In this case, we just need that u is a weak solution in the sense 
of distribution. However, we have presented here the proofs with (3(lu) = uj 2 in order to extend the 
theorems in the case where uq is constant near the boundary (see Section [7]). 
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5. Uniqueness of Eulerian solutions 

5.1. Velocity formulation. 

In order to follow the proof of Yudovich, we give a velocity formulation^ of the extension u. 
We begin by introducing 



i(x) := / K R2 (x - y)u;(y)dy 
Jm. 2 



(5.1) 



with K R 2(x) = 2^j^p, the solution in the full plane of 

divu = on R 2 , curl-u = O on R 2 , lim \v\ = 0. 

This velocity is bounded, and we denote the perturbation by w = u—v, which belongs to L^ C (R + ; £f oc ( 
for p < 4, and verifying 

divu> = on R 2 , curl w = 5 w , 7 (s)5gn on R 2 , lim \w\ = 0. 

We infer that v verifies the following equation: 

v t + v ■ Vv + v ■ Vw + w ■ Vv — v(s) ± g v ^(s) ■ 5qq = —Vp, in R 2 x (0, oo) 

divv = 0, in R 2 x (0,oo) 

w ( x ) = h §ao. ^^9v, 7 (s)ds, in M 2 x (0, oo) 

v(x,0) = Kw[u ], mR 2 . 

with g vn := g cm \ vn (see (|2.16p ). 

In order to prove the equivalence of ()2.15p and f)5. If) it is sufficient to show that 

curl [v ■ Vw + w ■ Vv — v(s) ± g vn (s) ■ 5gn] = div (uiw) (5-2) 

for all divergence free fields v G ^ioc' W1 th some p > 2. Indeed, if (|5.2p holds, then we get for 
ui = curlv 

= — curl Vp = curl [v t + v ■ Vv + v ■ Vu> + w ■ Vv — v(s) ± g v ^(s) ■ 6qci] 
= dtid + v ■ VcD + w ■ Vu = dtu) + u ■ Vw = 

so relation (|2.15|) holds true. And vice versa, if (|2.15p holds then we deduce that the left hand side of 
(|5.ip has zero curl so it must be a gradient. 

We now prove Q. As Wlf c C C°, v(s) is well defined. Next, it suffices to prove the equality 
for smooth v, since we can pass to the limit on a subsequence of smooth approximations of v which 
converges strongly in W^J? and C°. Now, it is trivial to check that, for a 2 x 2 matrix A with distribution 
coefficients, we have 

'curlCV 



div 



curl div A = div , . , , 
curi C2 

where denotes the i-th column of A. For smooth v, we deduce 
curl [v ■ Vw + w ■ S/v] = curl div (y (8) w + w (8) v) 

curl (vw{) + curl 
^curl (VW2) + curl (WV2) J 

= div (w cuvlv + v ■ V ± w + v cmlw + w ■ V ± v). 
It is a simple computation to check that 

div [y ■ V ± w + w ■ V ± v) = v ■ V^div w + w ■ V^div v + curl v div w + curl w div v. 
Taking into account that we have free divergence fields, we can finish by writing 

curl [v ■ Vw + w ■ Vv] = div (w cuilv + vg vn {s) ■ 5qq) = div (w curli>) + curl [v(s) ± g v ^(s) ■ 5qq\. 



4 The original proof comes from [7] and we copy it for a sake of clarity. 
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which proves f)5.2 j) . 

5.2. Proof of Theorems 

The goal is to adapt the proof of Yudovich: let u\ and U2 be two weak solutions of (jl.ip (Theorem 
II. ip from the same initial data no verifying (|1.4p - ([1.5p . We define as above v\, w\ (resp. t>2, W2) 
associated to uj\ := curlui (resp. 0J2 := curl-U2) and 70 (see (|2.10p and (|2.20p ). We denote 

Q := U)i — u)2 

where the bar means that we extend by zero outside O and 

v ■= v\ - v 2 , 

which verifies 

dtv + v ■ Vvi + V2 • Vv + div (v ® W1+V2 ®w + Wi®v + w(8) v^) 

, , (5.3) 

-(n(s) 9v,o( s ) ~ v ( s ) 9v 2 no ( s )) • = -Vp. 

Next, we will multiply by v and integrate. The difficulty compared with the Yudovich's original proof 
is that we have some terms as |wi||i)||V?)| with w\ blowing up near the corners. The general idea 
is to divide such an integral in two parts: on U a small neighborhood of the boundary where the 
vorticity vanishes (see Proposition 14. ip and on M? \ U where the velocity w% is regular. Far from the 
boundary, we follow what Yudovich did, and near the boundary we compute 



u 



\wi\\v\\Vv\ < ||wi||l / l(C/)||u|Uo (;7)||V{;||ioo( t /). 



Indeed W\ is integrable near the boundary, and as v is harmonic in U (divv = curlu = 0), then we 
have 



/ |u;i||£||Vi)| < C , ||'5||^2 
Ju 



(10 



which will allow us to conclude by the Gronwall's lemma. We see here why Proposition 14.11 is the 
main key of the uniqueness proof. 

This idea was used in [13] in order to prove the uniqueness of the vortex-wave system, and we follow 
the same plan. 

We denote by W a ' (R 2 ) the set of functions belonging to VF 1,4 (1R 2 ) and which are divergence-free 
in the sense of distributions, and by W a 1,4 ^ 3 (1R 2 ) its dual space. 

First, we prove that we can multiply by v and integrate. As a consequence of (|5.1|) and (|5.3|) . we 
obtain the following properties for v. 

Proposition 5.1. Let uq verifying (jl.4p . u±,U2 be two weak solutions of (jl.ip with initial condition 
Uq. Let v = v\ — t>2- Then we have 

v G L 2 oc (R+, Wy(R 2 )) , d t v G L 2 oc (m + , (M 2 )) . 

In addition, we have v G C (R+, L 2 (M 2 )) and for all T G R+, 



T 



v(T)\\ L2(m =2 J (d t v,v) w -i A /3 w i A ds, VTg 







The proof follows easily from the estimates established in Section [2j The reader can find the details 
in Section 

Now, we take advantage of the fact that lj{ is equal to zero near 9f2 (Proposition 14. ip to give 
harmonic regularity estimates on v(t). 

Lemma 5.2. Let T* > 0. We assume that cjo is compactly supported in Q and has the sign conditions 
of Proposition f^TT] (or of Remark Then, there exists a neighborhood Ut* of dVt such that for all 

t < T* , v(t, •) is harmonic on Ut* ■ In particular, for Ot* an open set such that 80, ts Ot* Ut* , 
we have the following estimates: 

(1) ||t5(t,.)|| i «x,(o T ,j < ciiw^,.)!!^^), 



UNIQUENESS FOR EULER EQUATIONS ON SINGULAR DOMAINS 



25 



(2) \\Vv(t,.)\\ L ~ {OTt) <C\\v(t, 
where C only depends on Ot* • 

The proof is a direct consequence of the mean-value formula (see e.g. the proof of Lemma 3.9 in 
In order to prepare the Gronwall estimate, we establish the following estimates on w\ — W2- 



Then w 



W\ — W2 verifies the 



Lemma 5.3. Let T* > and dQ <s= Ot* <e Ut* as Lemma [5 
following estimates for any t £ [0, T 

(1) \\w(t,-)\\ L 2 m <2\\v(t,-)\\ L 2 

(2) \\w(t,-)\\ L ~ (0 c Tt) <CMt,-)\\ L 2 

(3) \\Vw(t,.)\\ L 2 {OCTt) <C\\v(t,.)\\ L 2 
where C only depends on Ot* ■ 

Proof. We fix t £ [0, T*] and we denote u := u\ — ui- From the explicit formula and the conservation 
law, we have that 

on f2, 



and 



div-u 
curl it 
u ■ h 

u ■ f 
>dn 

lim | it | 

\x\— >oo 

divv 
curlw 













on Q, 
on dO,, 

(only if 0, is an exterior domain), 
(only if $7 is an exterior domain), 

on f2, 
on £1, 



(only if 0, is an exterior domain), 
(only if 0, is an exterior domain). 



v ■ r = 
lim \v\ = 

\x\—>oo 

Indeed, in the case of exterior domain, Co = on C which implies that the circulation of v around C is 
equal to zero. Therefore, we have the following. 



Lemma 5.4. u is the orthogonal projection of v on the set of the vector field defined on Q square 
integrable, divergence free and tangent to the boundary. Therefore we have: 

ll«(V)||jy"(n) < ||«(t,-)l|jy»(n)- 

This lemma is a classical property of the Leray projector in arbitrary domains (see [21 Theorem 1.1 
in Chapter III.l.]). Then the first point is a direct consequence of this lemma: 

\\w(t, -)Hl2(r2) < \\u{t, -)lk 2 (n) + \\v(t, 0IU 2 (R 2 ) < Ollz 2 ^) + \\v(t, -)IIl 2 (r 2 ) < 2||i5(t, OIIl^r 2 )- 
The second point is exactly the same thing as in Lemma l5.2t w is harmonic in £1 then there exists 
C depending on Ot* such that 

\\w{t, -)IIl-(o^) < C\\w(t, OIU 2 ^) < 2C\\v(t, -)llz 2 (R 2 )- 
Another consequence of the mean- value Theorem is that 

I|VuKV)IIl 2 (o^) < C\\w(t,-)\\ L 2 {n) < 2C\\v(t,-)\\ L 2 { 
Indeed, there is R\ such that dist(<9$7, 90t*) > Ri, then 



|V«5(t, x) 



1 



< 



2tt 



B(x,Ri) 



Vw(t, y) dy 





1 [ 




kR 2 J 



2n 







1 

ttR~[ 



w(t,x + i?ie ie )|| L2(OCi) ^ < 



2\\w(t, 



w{t,x + Rie ie )vRid6 

)IIl 2 (q) 



Ri 



□ 
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Remark 5.5. We remark that the result from Galdi's book does not require regularity of d£l when we 
consider the L? norm (thanks to the Hilbert structure). In contrast for p ^ 2, he states that the Leray 
projector is continuous from LP to LP if the boundary dCl is C 2 . Indeed, in our case we see that v 
belongs to LP for any p > 1, whereas u = Wv does not belongs in L p (£l) for some p > 4 (if there is an 
angle greater than it, see Remark \2.2\) . 



We can adapt now the Yudovich proof, as it is done in |13j . 

We fix T* > in order to fix Ox* in Lemmata 15. 21 and 15. 31 We consider smooth and divergence- free 

2 ) converging to v in L 2 oc W 1,4 "(M. 2 )) as test functions in (|5.3p . and 



functions $ n G C£ 

let n goes to +oo. First, we have for all T € [0, T*] 



{d t v,<f> n ) w -i A / 3 M/ i,4 ds 



(d t v,v) 



vv; 



-1,4/3 



IV, 



1,4 ds, 



and we deduce the limit in the other terms from the several bounds for Vi stated in the proof of 
Proposition 15.11 This yields 



where 



-\\v(T,.)\\l 2 =L + J + K, 



v ■ (v ■ Vv i + V2 ■ Vv) dx dt, 



(5.4) 



r 



o Jm 2 

v®wi + V2®w + wi<S>v + w<S> V2) : Vv dx dt, 



L -- 
J -- 

Jo Jm 2 

K= / vi (5)^50,0(5) • v(s)ds. 
Jo Jan 

The goal is to estimate all the terms in the right-hand side in order to obtain a Gronwall-type inequality. 
For the first term / in (15.41) . we begin by noticing that 



/ (v2 ■ Vv) ■ v dx = — f V2 ■ V\v\ 2 dx = — — J \v\ 2 div 
Jm? 2 j R 2 2 7r2 



V2 dx = 0, 



where we have used that V2 = 0(l/|x|) and v = 0(l/\x\ 2 ) at infinity. Moreover, Holder's inequality 
gives 



(v ■ Vvi) ■ v dx 



< \\v\\ip\\v\\l9\\Vvi\ 



LP, 



with - + - = |. On one hand, Calderon-Zygmung inequality states that ||Vui||iP < Cv||wi||i> for 
p > 2. On the other hand, we write by interpolation < \\v \\^ 2 \\ v \\l~°° with | = § + We 



have that a = 1 — ~, so we are led to 



We now estimate J. We have 
(v ® w± 



\I\ < Cp 



l_|,2-2/p 

\v\\ L 2 at. 



(5.5) 



/ (v ® ?a?i) : Vv dx = [ VjUJi 9 <9,Vj dx = - [ w\ ~dj 

Jr 2 Jr2 1J 2 i ^ R2 i 

= — / v, 2 div w\ dx = 0, 
2 V* 



v 2 dx 



since wi is divergence-free, and 



(w\ ® v) : Vv 



'0 Jm. 2 



< 



Jo 



(wi (8) v) : Vi) dx dt 



+ 



T 

JO% 



(wi ® v) : Vv dx dt 



(5.6) 
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We perform an integration by part for the second term in the right-hand side of (|5.6p . Arguing that 
divv = 0, we obtain 



JM 2 



(wi ® v) : Vv dx dt 



< 



JO T , 
T 



Wi®v) : Vv dx dt 
( / (v ■ Vioi) • v dx + / {w\ ■ v)(v ■ v) ds\ dt 



o vo, 



< 



/ ll^ilU 1 (o T »)II^IU~(o T ,)||Vi5||i 00 (o T ,) rf* 

JO 

+ / ||Vwi|| £ ao( c )||u||iarft 
JO 

+ y o lkilU oo (ao T *)ll^[li«.(ao T *)l 5 ° T *l rf *- 

As we remarked when we introduce it?: ||u^i||l 1 (o t *) — C with C depending only on S7, T* and 
uq. Moreover, using the harmonicity of w±, we know that [|Vtoi ||l°°(o c ») is bounded by a con- 
stant times Hioillioott/co, with d£l (s Vt* <e Ot*- Using the behavior of DT at infinity (Proposi- 
tion [23}, Proposition EB conservation laws (f2T8|) . ([2~19]) . (|2T20]) . then ([23]) allows us to state that 
ll u llU°°((o,T*)xV c *) < Co with Co depending only on 0, T* and no- As v\ is uniformly bounded, we 
obtain that ||Vu;i||£oo(Q£,») and ||wi||l°°(,9o t .) is bounded uniformly in (0,T*). Then, according to 
Lemma l5.2[ this gives 

w\ ® v) : Vv dx dt < C \\v\\j^ 2 dt. 

Jo 

(i>2 ® w) : Vv dx dt 



'o Jm 2 

In the same way, we obtain by integration by part 



T 



o Jm. 2 



(«2 <8> w) ■ Vv dx dt 



< 



T 



o Jo T 

T 



+ 



/ ( / {w ■ Vv 2 ) ■ vdx + 

JO ^Jog,, JdO-r* 



V2 ■ v)(w ■ v)ds I dt 



Therefore, 



(v 2 <£> w) : Vu cZx dt 



o Jm. 2 



< 



\M\l 2 (O t *)\\ v 2\\l2(O t *)Wv\\l°°(O t *) d t 



+ / \\M\l°°(o^)\\v\\l 2 \\Vv 2 \\l 2 dt 
Jo 



+ / \\w\\L^(do T *)\\v\\L°°(dO T *)\\v2\\L°°\dB\dt. 
Jo 

Using again C alder on- Zygmund inequality for v 2 and Lemmata 15.21 and 15.31 we get 



r 



'0 JR 2 

A very similar computation yields 

fT 



(v 2 <8> w) : Vv dx dt 



T 

< C / ||S||£a<ft. 



(w ® v 2 ) : Vv dx dt 



Jm. 2 



< C 



w 



\l 2 (o t *) + II v *IIl 2 (o£,,) + IK ; IIl°°(9o t ») ) II^IIl 2 dt 



< C I \\v\\ 2 L 2dt. 



Therefore, we arrive at 



\J\ < 3C7 / \\vf L2 dt. 



(5.7) 
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Finally, using (|2.16p we write the third term K in (|5.4p as follows: 



K 




io Jdn 

rT 



(u ■ f)(v 1 ■ v) ds 



ncurlu(wj L • v) dx ± / / u • V" 
_i io 



(v i ■ v) dx, 



where ± depends if we treat exterior or interior domains. Using that curl£t = curlu in f2, divv = 
and the behaviors at infinity, we obtain by several integrations by parts: 

curing. v)dx= [ cu^ ■ v) dx = [ curl^)dx 



-Ui 2V\0\Vi + Ul,2 r h 1>1,1 r «1,1 W 2<72«1 «X 



91^1.2^1^2 - ^1,2 



$2 1^2 



7, 1 2 



2 

N 2 



„ N 2 

92^1,2^- 




02Vl,2—^- 


- divi,i 







2 

\V2\ 2 



7,. 12, 



oivi.i— 2 H 02Wi,iW2«i - — 2 — ) 

M , n s , n |^l| 2 



dx 
dx. 



Hence, 



curltt(uj L ■ v) dxdt 



^SJ 



< 4 



|Vvi||t;| 2 dxdt 



which gives by Calderon-Zygmund inequality (as for I): 

rT 



curlu(u 1 • v) dxdt 



Jn 



< Cp 



,~l|2-2/p 



With similar computation, and using Lemmata 15.21 and 15. 3] we can prove that the second term of 
K can be treated thanks to: 

rT 

\u\\Vvi\\v\dxdt < Cp \\v\\ 2 ' 2/p dt 



rT 



\u\\vi\\Vv\dxdt < C \\v\\ 2 L 2dt 



'0 Jo T * 
rT 



|i5||Vui||i5| dxdt < Cp \\i\\ 2 2 2/p dt 



o JO\ 

f! 

Io Jo c T 

rT 



T 




10 JO c T , 



\w\\Vvi\\v\dxdt < C \\v\\ L 2dt 

Jo 

r T 

\Vw\\vi\\v\dxdt < C \\v\\ 2 L 2dt 

Jo 

■T 



\v\ + \w 



JdO-T* 



v\dxdt < CI \\v\\ 2 L2 dt, 



which implies that 



\K\ < C [ T \\v\\ 2 L2 dt + Cp f 1 
Jo Jo 



l~|,2-2/p 

\v\\ L 2 dt. 



(5.8) 



Therefore, the estimates ([53]) . ([577]) and ([53]) with ([53]) establish that 

\\v(T,-)\\ 2 L 2 <C [ T \\v\\ 2 L2 dt + Cp [ T \\v\\ 2 - 2/p dt. 
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As we choose p > 2 and as \\v\\l 2 < Co for all t G [0, T*] (see Proposition 15. ip . we have H^H^f < Cq P 
which implies that for p large enough, the previous inequality gives 

\\v(T,-)f L2 <2C P [ T \\vf- 2/p dt. 

Jo 

Using a Gronwall-like argument, this implies 

\\v(T,-)f L2 <(2CTy, Vp>2. 

Letting p tend to infinity, we conclude that \\v(T, -)\\l2 = for all T < min(T*, 1/(2C)). Finally, we 
consider the maximal interval of [0,T*] on which \\v(T, = 0, which is closed by continuity of 
\\v(T, -)||l2. If it is not equal to the whole of [0, T*], we may repeat the proof above, which leads to 
a contradiction by maximality. Therefore uniqueness holds on [0, T*], and this concludes the proof of 
Theorems 11.21 and 11.31 Indeed, Lemma 1531 implies that ||ui — ^Hl 2 — IMIl 2 + II^IIl 2 — 2||t5|| i 2. 

6. Technical results 
We will use several times the following from [6]: 
Lemma 6.1. Let S C M 2 , a 6 (0,2) and g : S — > R + be a function belonging in L 1 (S) D L r {S), for 

n(ll) 2- a -2/r g 

y^y' ri ^ nw ii 2 ~ 2 / r ii ii 2 - 2 /'- 

ay S o 11511^1(5) \\9\\ L r(s)- 



r > Then 



is \ x - y\ 

6.1. Proof of Proposition 12.51 We make the proof in the unbounded case (which is the hardest 
case). We decompose R[ui] in two parts: 

R ^ : = I WfWw ^^ and R ^ ■= I Prw ^)» 

Jn \T {x)-T{y)\ l J n \T[x) - T{y)*\ 2 

a) Estimate and continuity of R\. 

Let z := T(x) and f{rf) := uj(T~ 1 (r]))\ det(D7"~ 1 (r?))|x{| J? |>i} , with \E the characteristic function 
of the set E. Making the change of variables n = T(y), we find 

Ri{T-\z))= ! ^itfi^drj. 

7m 2 V - m 

Changing variables back, we get 

II/IIl 1 ^ 2 ) = IMIl 1 - 

We choose p > 2 such that det(L>T _1 ) belongs to Lf° c (U) ( see Remark 12. 2|) . If all the angles are 
greater than ir, we can choose po = oo (thanks to Theorem 12.11 and Proposition I2.3[) and we would 
have ||/||ioo(R2) < C||o;||loo. However, if there is one angle less than tt, we have to decompose the 
integral in two parts: 

Ri{T-\z)) = [ i^ZH}t mdr]+ f iZ^LfWdr, 
J[ n \>2 \z-r]\ z 7|^|< 2 \z-n\ z 



with 

II/IIl°°(IR 2 \_B(0,2)) < CilMU°° 

by Proposition 12.31 and 

II/IIlpo(b(o,2)) < C 2 ||w||l°o, 
by Remark 12.21 Then we use the classical estimate for the Biot-Savart kernel in R 2 (see Lemma l6.ip : 



i\ v \>2 \z-vr 

and 

r^tmdn 

v \<2 \z-n\ 2 



< Co 11/ \\l?° B (0,2)) WfW LP0(B(0,2)) < C 5\\u\\ L l ^ IMl2~ * 
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which gives the uniform estimate 



l-RilU°°(n) < c(||w|| L1 IMIx°° + \\u\\ a L i IMIx°° a 



with a 



PO-2 



2(po-l) 



jy including in (0,1/2]. Concerning the continuity, we approximate /xs(o,2) by / n G 



(7^(5(0,2)) and /xb(o,2)«= by <?„ G C^(B(0,2) C ) such that 

- /[U 1 niP0(B(0,2)) °' \\9n ~ /||li(B(0,2)=) ~> 0, ||#„||x°° < C(/) as 71 ^ CO. 

As / n and g n are smooth, we infer that the functions 



z i->- 



f P 1 - f P- 1 

/ T7i2 /™( z ~ ^ and t H> / T^nO - 6 



are continuous. Moreover, we deduce from the previous estimates that 



Ri{T~ (z)) 



(g ~ f ?)~ 

|z — r/p 



(z - <q)- 



\z — 77 1 



7n(f?) <2?7 



L°°(B(0,1) C ) 



/ 1/2 1/2 ( P °~ ) 

< C (J|/ - 11x1(5(0,2)=) 11/ ~~ S'n|lx«'(B(o,2) c ) + H/ ~~ /"Hx 1 (5(0,2)) I 



2(P0-!) 

"Hxpo (B(0,2)) 



Thanks to the limit n — > 00, we prove the continuity of R± o T 1 . Using Theorem 12.11 we conclude 
that -Ri is continuous up to the boundary. 

b ) Estimate and continuity of R 2 ■ 

We use, as before, the notations /, z and the change of variables r\ 

(z-r,*) 1 - 



n *\2 



V \>1 \z~V 
(z-n*) 1 - 



■f(rj)dr) 



1<M<2 \ z ~ V 



'N>2 \ z ~ V 
:= R 2 i(z) + R 22 (z). 

If \r)\ > 2, \z — rf \ > 1/2 because \z\ > 1 (see the definition of T). Therefore, we obtain obviously that 

\\ R 21 ||l°°(B(0,1) c ) - 2 ll/lli 1 (B(0,2) c ) < 2 ll w llx 1 - 

The continuity is easier than above: 

• we approximate fxB(p#)° by g n G C™(B(0, 2) c ) such that \\g n - /||xi(5(o,2) c ) ~^ as n -4 00; 

• the functions 

(2 " 



2 1-4 



i*l 2 



'\ v \>2 \z~V 

is continuous up to the boundary dB(0, 1) because |z — rf \ > 1/2; 
the previous estimates gives 

(z-rf)- 



R2i(z) 



-,*\2 



L°°(S(0,1) C )" 



< 2 



'|f,|>2 \ Z ~V 
which gives the continuity of R 2 i. 

Concerning R 22 , we again change variables writing 8 = rj* , to obtain: 

(z-e^ de 
^ f{e >w 



9n||x 1 (B(0,2) c ); 



R22{z) 



1/2<|0|<1 



\z-0\ 



Let g(9) := ^ . As above, we deduce by changing variables back that 



It is also easy to see that 



IS'llx 1 (l/2<|0|<l) ^ IMIl 1 
4(pq-i) 



|<7||XPO(1/2<|0|<1) 



< 2 fo 



Lpo 



(B(o,2)) < C 6 ||o;||x° 
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Then, by the classical estimates of the Biot-Savart law in R 2 , we have 

II-R22||l°°(_b(o,i) c ) - CIMIli ||o;||^ a . 

Reasoning as for R\, where we approximate g, we get that R22 is continuous. 

The continuity of T allows us to conclude that R2 is continuous up to the boundary, which ends 
the proof in the case of f2 unbounded. 

Remark about the bounded case. 

Concerning Ri, we do not need to decompose the integral in two parts: 

H/lliPO(B(0,l)) < C2||w||l°o, 

where f{rj) := u{T~ l {r,))\ det( J DT- 1 (??))IX{h|<i}- 
Even of R2, we directly have 

R!(T ~ 1(2)) = / ir^w^w 

J\6\>1 \ z ~ v\ \ u \ 
and we conclude following the proof concerning i?22- 

6.2. Proof of Lemma 12.71 Using the explicit formula of 3> and (|2.9|) . we write 



u(x) ■ V<S> £ (x) = u ± (x) • V" L $ £ (x) 
2vre V e 



T(x)-T(y) T(x)-T(yY 



\T(x)-T(y)\ 2 \T(x)-T(y)*\ 2 



u(t,y)dy 



T,sT{x) 



\T(x) 



xDT(x)DT 1 (x 



As T is holomorphic, DT is of the form 

b 2 )Id= \det(DT)(x)\Id, so 

f \ ^ <S>'(£^)\det(DT)(x) 
u(x) ■ V<P (x) = - 



a b 
-b a 



2tte\T(x) 



j and we can check that DT(x)DT T (x) = (a 2 + 
T(y) ■ Ux) 1 - T{yf • T(x)^ 



Q \\T(x)-T(y)\ 2 |T(*)-T(y)*| 2 



u)(t,y) dy. 



We compute the L 1 norm, next we change variables twice r\ = T(y) and z = T(x), to have 



|w V$ £ || L i = — 
2ire 



z >1 



Z - 1 



n\>i 



r) ■ z ± /\z\ rf ■ z ± /\z 

\z — f]\ 2 



\Z — T) 



*|2 



f(t,v)drj 



dz, 



where f(t,rj) = T -1 (ry))| det (-DT -1 ) (77) |. 
Thanks to the definition of we know that 



e \ e 



< C. So it is sufficient to prove that 



r\ ■ z^/\z\ rf ■ z 1 - j\z\ 



as e — > 0, uniformly in time. 
Let 



\z — rj 



*|2 



f(t,rj) dr) 



L°°(l+e<|z|<l+2e) 



(6.1) 



A 



rj ■ z ± /\z\ rf ■ z ± /\z\ 



\Z — 7]\ 



\z — rj 



*|2 



We compute 



A 



(\z\ 2 - 2z ■ r,/\r,\ 2 + l/|r/| 2 ) - l/|r/| 2 (|z| 2 - 2z ■ r, + |7?| 2 )\ z 1 - 

\z\ 



\z — r)\ 2 \z — rj*\ 2 



H 2 -i)(i-i/M 2 ) ^ 

\z — r]\ 2 \z — rj*\ 2 \z\ 
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We now use that \z\ > 1, to write 



l*-,'i>i- s . 



Moreover, \rf\ < 1 allows to have 



We can now estimate A by: 



\A\< 



\z — rf\ > \z\ — 1. 

(M + i)(i + i/H)(M-i)» 



\z — r]\ 2 \z — r/*\ b 



z 
\z\ 



with < b < 1, to be chosen later. We remark also that 77 • fjr = (77 — z) • fjr and the Cauchy-Schwarz 
inequality gives 

< 1 77 — z\. 



z 

V ' TT 



We now use the fact that \z\ — 1 < 2e, to estimate (16.1 



/ Af(t,rj)dr, < (2 + 2e).2.(2e) 6 / 

J|?7|>1 ^M>1 



|z — 77 



* 1 6 



dry, 



hence, the Holder inequality gives 



\f(t,v)\ 1/p 




\f(t,v)\ 1/q 




\z — 77 


LP 


\z — 77* \ b 


Li 



[ Af(t, v )d v < (2 + 2e).2.(2e) b 
•/|t,|>i 

with l/p + l/g = l chosen later. 

In the same way we estimate R2 in the proof of Proposition 12.51 we obtain for bq = 1: 



\f(t,v)\ 1/q 



I Z — 7] 



* I b 



Li 



i/M ur< c „ 



»,|>i \ z ~ V 



where we have used that u belongs to L°°(M+; L 1 n L°°(0)). 

Now we use Lemma 16.11 for / G L 1 n L po , with po > 2 and for f £ L 1 n L°° (see the proof of 
Proposition 12. 5p . Then, we choose p G (1,2) such that po > anc ^ we f° now the estimate of R\ in 
the proof of Proposition 12.51 to obtain: 



\f(t,v)\ 1/p 



\Z-1]\ 



LP 



\f (1,1)1; 



d/7 



<C P . 



Fixing a p € (1, 2) such that > ^ gives g G (2, 00) and b G (0, 1/2) and it follows 



We have used again that w belongs to L°°(M + ; L 1 n L°°(Q)). 

2 

2-p 

||u • V$ £ || L i < C(2 + 2e).2.(2e) b C p Cg 
which tends to zero when e tends to zero, uniformly in time. 

6.3. Proof of Lemma [2781 Let T > fixed. We rewrite (f2~9|) : 
1 



u{x) 



2tt 
1 

2^ 



DT 1 (x) 



T(x)-T(y) T(x)-T(y)* ^ T(s) 



\T(x)-T(y)\ 2 \T{x)-T{yY\ 2 



\T{x) 



DT T (x)h(T(x)) 



where a is bounded by ||7||l°°([o,t]) + IMIz, 00 ^ 1 ) m [0?T] (see (|2.1ip ). 
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We start by treating h. We change variable 77 = T(y), and we obtain 

h(z) = [ ( J p^- J p^)\(T-\ V ))\detDT-\v)\dr ] + a^ 
JB(o,iy K \ z — V\ \ z — V I J \ z \ 



B(0,1) C 

B(0,2) c \ Z ~W J B{0,2)\B(0,1) \ Z ~W JB(0,2) C \ z ~ V \ 

b(o,2)\b(o,i) \ z -v r \ Z V 

:= + h 2 (z) - h 3 (z) - hi{z) + ah 5 (z), 

with f(t,rj) = oj{t,T- l {r}))\detDT- l {ri)\ belongs to L 00 ^ 1 n L po (5(0, 2) \ 5(0, 1)) with some p > 2 
and to L°°(L 1 n L°°(5(0, 2) c ) (see the proof of Proposition [23]) . As |z| = \T(x)\ > 1, we are looking 
for estimates in 5(0, l) c . Obviously we have that 

h 5 belongs to L°°(5(0, l) c ) and Dh 5 belongs to L°°(5(0, l) c ). 

Concerning hi, we introduce /1 := fxB(o,2) c where xs denotes the characteristic function on S. 
Hence 

hUz) = f , ,„ fiM drj with h e L°°(M + ; L 1 ^ 2 ) n L°°(R 2 )). 
Jri \ z -v\ 

We have used the work made in the proof of Proposition 12.51 about the computation of the L p norm of 
/ in terms of a;. The standard estimates on Biot-Savart kernel in R 2 and Calderon-Zygmund inequality 
give that 

h! belongs to L°°(M + x 5(0, l) c ) and Dh x belongs to L°°(K + ; L p (5(0, l) c )), \/p G (l,oo). 
For h 2 , is almost the same argument: we introduce f 2 := fXB(o,2)\B(o,i) > hence 

M*) = I i* ~ ^2 /afo) d7 ? with /2 € L°°(R + ; L\R 2 ) n L^(R 2 )). 

The standard estimates on Biot-Savart kernel in R 2 and Calderon-Zygmund inequality give that 
h 2 belongs to L°°(R + x 5(0, l) c ) and Dh 2 belongs to L°°(IR + ; L Po (5(0, l) c )). 
For /13, we can remark that for any 77 £ 5(0, 2) c we have |z — r/*| > ^. Therefore, the function 

(z,r/) 1 — y is smooth in 5(0, l) c x 5(0, 2) c , which gives us, by a classical integration theorem, 

that 

h 3 belongs to L°°(R + x 5(0, l) c ) and 5/i 3 belongs to L°°(R + x 5(0, l) c ). 
To treat the last term, we change variables = rf 

Jb(o,i)\b(o,i/2) p-^r rr Jwl 2 \ z -vy- 

fit 9*) 

with / 4 (0) := - XB(o,l)\B(o,l/2)(g) which belongs to L°°(1R + ; L 1 (M 2 ) n L po (R 2 )). Therefore, stan- 

dard estimates on Biot-Savart kernel and Calderon-Zygmund inequality give that 

hi belongs to L°°(R + x 5(0, l) c ) and Dh 4 belongs to L°°(R + ; L Po (5(0, l) c )). 

Now, we come back to u. As u(x) = ^DT T (x)h(T(x)), with DT belonging to L 1 1 oc (Q) (see Remark 
12. 2p and hoT uniformly bounded, we have that 

u belongs to L°° ([0, T] ; L\ oc (O)) . 

Adding the bounded behavior of DT at infinity, we have that 

u belongs to L°° ([0, T]; L^R 2 ) + L°°(1R 2 )) . 
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Moreover, we have 



\Du(x)\ < ±(\D 2 T(x)\\h(T(x))\ + \DT(x)\ 2 \(-Dh 3 + aDh 5 )(T(x))\ 



2vr 

+\DT(x)\ 2 \(Dh 1 + Dh 2 - Dh A ){T{x))\. 

For the first right hand side term, we know that h o T is uniformly bounded and that D 2 T belongs to 
L} oc (TT) (see Theorem EI]). We see that the second right hand side term belongs to L°°([0, T]; Lj oc (Q)) 
because DT belongs to Lf oc (Q) and (-Dh 3 - aDh 5 )(T(x)) belongs to L°°([0,T] x O)). 

Concerning the third right hand side term, we use that T holomorphic implies that DT is of the 

form f a ^ Hence, we get easily that 

\DT(x)\l = (sup(|a|, |6|)) 2 < a 2 + b 2 = | det DT(x)\. 
Therefore, changing variables, we have for i = 1,2,4 and K any compact set of f2: 

\\\DT\ 2 \Dh t oT\\\ L , {K) < \\Dhi\\ Ll{k) 

with K := T(K) a compact set (by the continuity of T). Therefore, the estimates obtained for Dhi 
allow us to conclude. 

6.4. Proof of Proposition I2TTT1 We set f3(t) = t 2 and use ([237]) with this choice. Let $eP 

R 2 ) 

r r T 

$>(T,x)(Cd) 2 (T,x)dx - / <S>{0,x)(Cd) 2 (0,x)dx 



[ [ {Cd) 2 {d t <5> + u-V$)dxdt. 
Jo Jr 2 



This is actually an improvement of (|2.17p . in which the equality holds in L\ (M + ). Indeed, we 
have dtu> = — div (uCo) (in the sense of distributions) with Co G L°° and u £ L~ (M+, Lf oc (R 2 )) for 
all p < 4 (see (|2.12]) ), which implies that dtCo belongs to L 1 1 oc (lR + , W[~ C 1,P (R 2 )). Hence, Co belongs to 
C(M+, Wi~c' P (R 2 )) C C w (R + ,Lf oc (M. 2 )), where C w Lf oc stands for the space of maps / such that for 
any sequence t n — > t, the sequence f(t n ) converges to f(t) weakly in L 2 oc . Since on the other hand 
t i — y ||u>(i) ||_t,2 is continuous by Remark 12.101 we have Co G C(R + , L 2 (M?)). Therefore the previous 
integral equality holds for all T. 

Now, we choose a good test function. We let $o be a non-decreasing function on K, which is equal 
to 1 for s > 2 and vanishes for s < 1 and we set $>(t,x) = $>o(\x\/R(t)), with R(t) a smooth, positive 
and increasing function to be determined later on, such that R(0) = Ro- For this choice of we have 
(loo(x)) 2 $(0,x) = 0. 



We compute then 



\x\ R(t) 



and 



We obtain 



= - R W I i$/ 

* i? 2 (i)' ' °" 

$(T,x)(Cd) 2 (T,x)dx = / / (Co) 2 oK R , (u(x)-f T -^r\x\)dxdt 

Jo Jr 2 R \ \x\ R J 

< / / (cof 1 °l R) (C-R')dxdt, 



R 

where C is independent of t and x. Indeed, we have that 



u(t,x) = ±-DT T (x)(R[Lo)(x) + { 1 + J 



wo J 



\T(x) 
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with < C\ (see Proposition I2.5P and l/|7~(x)| < 1. Using Proposition 12.31 we know that there 

exists a positive C2 such that 

\DT(x)\ <C 2 \P\, V|x| >R . 
Putting together all these inequalities with (|2.11|) . we obtain 

C = 2~ ^ 2 I^I (pi + ll7lU°°([o,T*]) + H^olUi) • 
Taking R(t) = Rq + Ct, we arrive at 

/ <5>{T,x)(0) 2 {T,x)dx < 0, 

which ends the proof. 

6.5. Proof of Proposition 15.11 By the conservation of the total mass of oji (|2.18p . we have that 

w(t,-) = 0, Vt > 0. 



Moreover, Proposition 12.111 states that there exists Ci(u;o,n,7) such that 0J\(f, •) and ^(i, •) are 
compactly supported in B(0,Rq + Cit). So we first infer that v(t) £ L 2 (R 2 ) for all t (see e.g. [H]). 
Using that ||wi||z,i(n)nL°°(n) £ L°°(1R + ), we even obtain 

*5eL£ c (M + ,L 2 (R 2 )). (6.2) 

We now turn to the first assertion in Proposition 15.11 By Lemma 16.11 and Calderon-Zygmund 
inequality we state that (|2. 19|) implies that V{ = K^2 * belongs to L°°(]R + x R 2 ) and its gradient 
Vvi to L°°(IR+,L 4 (M 2 )). On the other hand, since the vorticity cj, is compactly supported, we have 
for large \x\ 

C 



\vi(t,x)\ < - — - I \u)i(t,y)\ dy, 
Fl Jr 2 

hence Vi belongs to LJ^ C (IR + , L P (M 2 )) for all p > 2. It follows in particular that 

and also that Vi <g> Vi belongs to L^ C (L 4 / 3 ). Since Vi is divergence- free, we have vi ■ Vvi = div (vi <g> 

and so Vi-Vvi G L£ C (R+, W" _1 'S(R 2 )). 

Thanks to (|2.12p . we know that Vi(t)®Wi(t) belongs to -^f/f ■ At infinity, we use the explicit formula 
of u (|2.9p , the compact support of the vorticity and the behavior of T at infinity (Proposition 12. 3p to 
note that Wi is bounded by C/|x|. V{ has the same behavior at infinity, which belongs to L 8 / 3 . This 
yields 

div(ui®wi), div e ii 2 oc (^ + > W _1 't(R 2 )). 

Besides, we can infer from the behavior of T on the boundary (Theorem I2.1|) and Proposition 12.51 
that g Vi ,-y , defined in ()2.16p . is uniformly bounded in L 1 ((9J7). Then we deduce from the embedding of 
W^iR 2 ) inC7 °(M 2 ) that^. )70 <5 n belongs to Lf^W' 1 '!). Therefore, vtg^Sa € L 2 oc (R+, (R 2 )). 
According to (|5.ip . we finally obtain 

(dm,®) = {d t v t - Vpi,*) < c\\n L2(wy) 

for all divergence- free smooth vector field <3?. This implies that 

d t v t G L 2 oc (R+, W- 1,4 / 3 (M 2 )), i = 1,2, 

and the same holds for c\?). Now, since i) belongs to L 2 oc (R+,Wa' ), we deduce from (|6.2p and Lemma 
1.2 in Chapter III of [20J that v is almost everywhere equal to a function continuous from R + into L 2 
and we have in the sense of distributions on R + : 

j t \\v\\ 2 L2{R2) =2(d t v,v) w ^ A/3 ^ y . 

We finally conclude by using the fact that v(Qi) = 0. 
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7. Final remarks and comments 



7.1. Application: safety time in airports. One of the crucial issues in biggest airports is the 
following: the wings of a plane create (at landing and take off) an important vortex where another plane 
should not pass through. We can find in history some examples of crashes due to these turbulences. 
Consequently, airports decided to define a safety time between two planes, in order that the wake vortex 
dissipates. However, this safety time have to be redefined because of "very heavy" new airplanes as 
the Airbus A380. Increasing the time between two planes for security is in contradiction with the 
traffic jam in the main airports. Several programs were created in order to understand and optimize 
this phenomena. One of the solutions investigated is the creation of big radars which try to detect 
if the vortex (of course invisible) has vanished. However, engineers and physicists are not able to 
interpret the data given by the radar, because we do not know the exact shape of the vortex behind 
a plane wing. 

Air around an infinite air plane wing can be modeled by Euler equation in dimension two around 
a singular obstacle: smooth except in one point where we have a cusp (a = 2ir). The consequence of 
this article and of [3] is to show that we have existence and uniqueness of a solution to such a problem, 
and that we have an explicit form of the velocity in terms of the vorticity and the shape of the wing. 
In particular, we show that the velocity blows up like 1 / Thanks to this explicit formula (see 
(|2.9p ). it should be possible to plug it in order to obtain the shape of the stream line. 

Actually, in order to apply exactly this article, we consider that the wing is fixed in the plane 
frame, but the velocity at infinity is equal to —I where I is the velocity of the plane. Having vector 
field constant at infinity instead of vanishing, change a bit the Biot-Savart law but not the final result 
and the behavior near the obstacle. To be convinced, the reader can read Section 3.4], where we 
adapt |10| with constant velocity at infinity. 

7.2. The Kutta condition. As the velocity stays tangent to the obstacle, we know that the trajectory 
of a flow particle which arrives to the solid will be deformed, and the particle will leave behind the 
solid. Indeed, we have proved that this particle will never meet the boundary. By reversibility of 
time, it also means that a particle near the boundary stays close to the boundary, even if the particle 
goes closer and closer to a corner. Therefore, near the trailing edge of a plane wing, the particle has 
a velocity which blows up, but it stays close to the boundary. For the Euler equation, this particle 
should take the turn of the corner with a huge tangential velocity, but moving in a small neighborhood 
of the boundaries. 

Such a kind of behavior can justify that for infinite velocity, the Euler equations are no longer 
relevant for modeling the air near the corners. This observation is well known by engineers and they 
use an unproved principle, the so-called Kutta condition: "A body with a sharp trailing edge which 
is moving through a fluid will create about itself a circulation of sufficient strength to hold the rear 
stagnation point at the trailing edge" . In other word, even if initially 7 = 0, they assume that there 
is a creation of circulation or vorticity such that the fluid particles near the edge go away from the 
obstacle. Concerning Euler equations, we see that particles which arrives to the wing can go away 
from opposite side, and not necessarily from the cups. 




Solution of the Euler equations. 



Kutta condition. 



UNIQUENESS FOR EULER EQUATIONS ON SINGULAR DOMAINS 



.37 



7.3. No extraction in convergence results. In [l9l[I2J[3], the existence of a weak solution is a 
consequence of a compactness argument. Indeed, we consider therein the unique solutions u n of the 
Euler equations on the smooth domain Q n , which converges to f2 in some senses. Then, in these 
articles, we extract a subsequence such that — > u and we check that u is solution of the Euler 
equations in Q. Putting together the present result with [3], we can state the following. 

Theorem 7.1. Let ljq, 70, J) as in Theorems \1. 6 2\ or \l.?A For any sequence of smooth open simply 
connected domains (or exterior of simply connected domains) Q, n converging to SI in the Hausdorff 
sense, then the unique solution u n of the Euler equations on fi n , with initial datum such that 



divu° = 0, curlu° = w , u° n -n\an n = 0, lim u° n = 0, <j> 

M-h-°° Jan n 



it^-rds = 70 (only for exterior domains), 



converges in L 1 2 oc (M+ x O) to the unique solution u of the Euler equations on with initial datum u 
such that 

divu = 0, curl-u = ojq, u° ■ n\dn = 0, lim u° = 0, (p u° ■ f ds = 70 (only for exterior domains). 

7.4. Special vortex sheet. In [10] . we consider some smooth domains f2 e which shrink to a C 2 
Jordan arc T as e tends to zero. For ojq G L£°(r c ) and 7 G R given, we denote by (u E ,uj e ) the 
corresponding regular solutions of the Euler equations on II £ := M 2 \ f2 e . Up to a truncated smoothly 
over a size e around the obstacle, it is proved therein that the resulting truncations u £ and Cj £ , defined 
over the whole of IR 2 , converge in appropriate topologies to the solutions u, Cj of the system 

( d t cd + u-Vu = 0, t>0,x£R 2 , 

divn = 0, t > 0, x <G M 2 , (7.1) 

„ curl{t = Cj + gz^Sr, t > 0, x G M 2 . 

This is an Euler like equation, modified by a Dirac mass along the arc. The density function gz,™ is 
given explicitly in terms of Q and T. Moreover, it is shown that it is equal to the jump of the tangential 
component of the velocity across the arc. We refer to |10] for all necessary details. 

Actually, the presence of this additional measure is mandatory in order that the velocity u is tangent 
to the curve, with circulation 7 around it. 

Therefore, in the exterior of a Jordan arc, (|7.ip appears to be a special vortex sheet, "special" 
because the support of the dirac mass does not move (staying to be T) and because the normal 
component of the velocity on the curve is equal to zero. For a general vortex sheet, we can prove that 
the normal component is continuous, but not necessarily zero. In both case, we have a jump of the 
tangential component. 

A consequence of the present work is the uniqueness of a solution of (|7.ip . with the good sign 
conditions for ujq and 7 (see Theorem 1 1.3f) . 

For instance, if we assume that V is the segment [(— 1, 0); (1, 0)], then we have the explicit expression 
of the harmonic vector field thanks to the Joukowski function, and we can find in |10|, p. 1144] the 
following: 

curlier = - , 1 9 X(-i,i){xi)S (x 2 ). 

Then, choosing ojq = and 7 = 1, we have proven that the stationary function u(t, x) = Hy{x) is the 
unique solution of the Euler equations with initial vorticity - , 1 2 X(-i,i)( x i)^o( x 2)- 

Adding a vorticity or considering other shape for V complicates a lot the expression of <fo i7 (see 
|10j). In particular, we do not prove the uniqueness for the so-called Prandtl-Munk vortex sheet: 

7.5. Extension for constant vorticity near the boundary. As it is remarked several times, the 
crucial point is to prove that the vorticity never meets the boundary if we consider an initial vorticity 
compactly supported in However, we can extend easily this result to the case of an initial vorticity 
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constant to the boundary. Indeed, for a 6 R given, choosing /3(t) = (t — a) 2 in the proof of Proposition 
14.11 gives in the same way the following. 

Proposition 7.2. Let u be a global weak solution of (|2.14p such that u>o is compactly supported in £1 
and such that ojq = a in a neighborhood of the boundary. If ojq is non-positive and 70 > — / ujq ( only 
for exterior domain), then, for any T* > 0, there exists a neighborhood Ut* of dVt such that 

uj{t) = a on U T *, Vte[0,T*]. 

Therefore, in the proof of the uniqueness, we still have on U 

curl?) = curlfi — curl f 2 = a — a = 0, 

which implies that the velocity v is harmonic near the boundary, allowing us to follow exactly the 
proof made in Section [5j 



7.6. Liapounov and sign conditions. Let us present in this subsection the different Liapounov 
functions, the advantage of each, and why it is specific to the case studied. 

Vortex wave system in M. 2 . Let us consider that the initial vorticity is composed on a regular part 
plus a dirac mass centered at the point z(t). Then Marchioro and Pulvirenti proved in [TB] that there 
exists one solution to the following system: 

"(*.•) = (K M 2 *w)(-,t), 
z(t)=v(t,z(t)), 

•Ac (0) = X, X ^ Zq, 

which means that the point vortex z(t) moves under the velocity field v produced by the regular part 
lo of the vorticity, whereas the regular part and the vortex point give rise to a smooth flow (p along 
which oj is constant. In this case, we can prove that the trajectories never meet the point vortex 
considering the following Liapounov function: 

L(t) := -\n\<f> x (t) -z(t)\, 

for x 7^ zq fixed. We note that L goes to +00 iff (j> x (t) — > z(t), so we want to prove that L stays 
bounded. Next we compute: 



L'(t) 



(Mt) - z(t)) ■ (Mt) - z(t)) (Mt) - z(t)) ■ (v(t, (j> x (t)) - v(t, z{t))) 



\<l>x(t)-z{t)\< 



\Ut)~z{t)\ 2 



Next, we use that the regular part v is log-lipschitz in order to obtain a Gronwall-type inequality. To 
summarize, we remark that in the case, the important points are: 



L(t) -)■ 00 iff <p x (t) 
removing the singular part. 



z(t) and {<f) x {t) -z(t)) 



(Mt)-z(t))^ 

27r\(f> x (t) ~ z(t)\ 2 







Dirac mass fixed in M. 2 . Marchioro in |15j studied exactly the same problem as above, assuming 
that the vortex mass cannot move. Therefore, the previous Liapounov does not work, because we do 
not have a difference of two velocities and we cannot use the log-lipschitz regularity. In this article, 
the author introduced a new Liapounov: 

L (0 : = - / (ln\(f>x(t) -y\)u(t,y)dy -1n.\(t) x (t) - z \, 
Jr2 V / 
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where the first integral is the stream function associated to v. Then, the first step was to prove that 
this integral is bounded, which implies that L goes to +00 iff 4> x {t) — > zq- Next, he computed: 

L\t) = -([ Jfffi ~» ' u{t,y)dy+ £$~\ )'**(t)- [ (ln\Mt)-y\)dMt,y)dy 



111 \(j) x 



(t)-y\)d t uj(t,y)dy = - [ v(ln|6»(t) ~ y\)-(v(t,y) + } V * o) . 2 )u(t,y)dy 



Next, the second step was to prove some good estimate for the right hand side integral in order to 
conclude by the Gronwall lemma. Here, we see that the singular term is now passed in a integral, 
which is bounded. Similarly, we note that the important points in this case are: 

L{t) -+ 00 iff Ut) -+ *o and (/ jkff " V U (jt, y) dy + jkff " \ \Ut) = 0. 

v JiR2 \4> x (t) - y\ l \<Px{t) - z \ z J 



Interior or exterior of simply connected domains. In our case, we have again an explicit formula of 
the velocity by the Biot-Savart law (see (|2.8p and (|2.9p ). As the velocity near the boundary blows up, 
we have to make appear some cancellation as Marchioro did, in order that the singular part goes in 
an integral. To do that, we introduce the stream function associated to the velocity: 

with a = in the bounded case. However, as this function tends to zero (instead to 00) when x — >■ dQ 
(see Lemma l3.ip . we add a logarithm: 

L(t) :=- In iL^i, <^(i))|, 
and the goal is to prove that L stays bounded. Then, we computed in Section [3] 

and we proved that dtL\ tends to zero as <j> x (t) — > d£l, comparing the rate with L\. Then, we see here 
that it is important that dtL\ goes to zero where L\ tends to zero. We managed to prove that dtL\ 
tends to zero near the boundary, and the sign condition allows us to state that the boundary is the 
only set where L\ vanishes (see Lemma l3,2p . For instance, in bounded domain (i.e. a = 0) we see that 
a vorticity with different sign can imply that L\ = somewhere else than on d£l. This last remark 
is the main reason of the sign condition of the vorticity. Next, the sign condition on the circulation 
follows from the fact that we want the same sign for both terms in L\. 

Therefore, one difference with the case studied by Marchioro is that the stream function of the 
harmonic vector field does not blow-up. To conclude, let us mention that the Liapounov method is 
specific to the case studied and it is hard to adapt for other cases. For example, we have presented 
here the case of dirac mass when z(t) = v(t,z(t)), when z{t) = 0, but we do not know how to prove 
for other dynamics, like e.g. z{t) = (1,0). 
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